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ABSTRACT
The relative viscosity of a mono-disperse suspension of glass particles can vary dras-
tically depending on a number of factors, including but not limited to the angular
velocity, the size of particles, the volume fraction of the suspension, and the solvent
viscosity of the host. Several models have been proposed in the literature describing
the relative viscosity as a function of concentration. This study will use volume
concentrations of 20%, 25%, 30%, 35%, 40%, and 50% with solvent viscosities of
3017   2924 cP ˙ 5 cP, 1265   1211 cP ˙ 3 cP and 571   555 cP ˙ 1 cP in a
concentric cylinder geometry. Suspensions of 26 m ˙ 3 m, 36 m ˙ 3 m,
51 m ˙ 4 m, and 71 m ˙ 4 m radii will be sheared at angular velocities of
1:000 rad=s ˙ 0:001 rad=s, 2:000 rad=s ˙ 0:001 rad=s, 3:000 rad=s ˙ 0:001 rad=s,
and 4:000 rad=s ˙ 0:001 rad=s. The resulting relative viscosities will be used to
study the functional dependence of the fitting parameters in the models proposed by
Mooney, Krieger-Dougherty, Batchelor, and Brady on particle size, solvent viscosity,
and angular velocity.
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CHAPTER 1
Introduction
Every morning many have dreams of racing to work at 55 miles per hour with no red
lights to impede their voyage. Instead, they are stopped on the expressway staring
at a sea of red brake lights wondering if they will ever make it to work on time.
As many sit there motionless, some may begin to question why traffic comes to a
crawl and can there be ways of improving traffic flow. One way of considering this
traffic problem is using fluid mechanics principles to make improvements to traffic
patterns that maximize traffic flow, thereby minimizing travel times. By considering
an expressway as a “pipe” and the cars as the “liquid,” we can use the principles
of fluid mechanics to increase the flow rate, or traffic flow. Ideally, we want to
create a “pipe,” or expressway, that maximizes the flow rate under all conditions
allowing traffic to flow more openly and freely, creating less congestion and lower
travel times. Fluid mechanics can solve this problem making everyone’s voyage to
work more enjoyable.
Fluid mechanics is the branch of physics that deals with the principles that gov-
ern the properties of a fluid and fluid-like materials. It is extremely mathematically
dense with many unsolved or partially solved problems. Consequently, something as
simple as predicting today’s weather becomes extremely difficult. Research projects,
such as the International Space Station Fluids Integrated Rack, seeks for a deeper
understanding of the principles of fluid mechanics at macroscopic and microscopic
levels in macro-gravity. These research projects are looking for a better understand-
ing into the properties of fluids, which will allow us to design better products; like
more fuel efficient cars, faster airplanes, and better roadways. These products can
make crucial improvements in our daily lives.
A fluid can be any substance that will not sustain an applied shear stress. A
shear stress is a force applied parallel to the surface of an object. For example, place
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your hand on the top of a table and push it parallel to the surface. The table does
not deform. However, when applying the same stress to the surface of water in a
bath tub, we see the water easily deforms. A fluid is not limited to just liquids like
water; on the contrary, it can be a solid, like sand, or a gas, like air. Neither of these
substances can sustain a shear stress. Solids and liquids have a definite volume;
whereas, a gas will expand to fill the volume defined by the size of the container
holding it.
All fluids will conform to the shape of the container. If the volume of the
container is larger than the volume of the fluid placed in the container, the solid
or liquid will occupy one distinct portion of the container. A single boundary will
separate the container’s occupied and unoccupied regions; however, a gas will expand
filling the entire volume of the container with boundaries defined only by the shape
of the container.
Since a fluid can be a solid, a civil engineer designing an asphalt road needs to
take into consideration the terrain. Over a long period of time, the asphalt will flow
like any other fluid; therefore, the engineer needs to design a proper roadbed and
mixture of asphalt to ensure a long lifespan of the roadway.
Generally, we think of fluids as a liquid. Maximizing the flow rate is of vital
importance in many professions, like firefighting. A fire hose with insufficient water
pressure, or water flow, can put firefighters’ lives in jeopardy.
A fluid can also be a gas, which becomes important when predicating the weather.
For example, a simple cloud is understood to form when warm air rises and reaches a
level of moderately cool air, where the moisture in the air condenses forming the cu-
mulus cloud. This is a simple model that is understood particularly well. However,
little is understood about the more complex supercell that produces serve thun-
derstorms and powerful tornadoes. This rotating cloud formation is a much more
complex and unpredictable system; therefore, understanding it becomes extremely
difficult. By studying simple systems, like the cumulus cloud, we can get a deeper
understanding of more complex systems, like the supercell.
Changing a fluid’s temperature or pressure consequently changes the properties
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of the fluid. The air mass changes temperature and pressure as the warm air rises
and cools. Eventually, the air mass reaches the dew point which changes the vapor
from a gas, water vapor, to a liquid, water.
Changing a fluid’s density or velocity also changes the properties of a fluid. The
density is related to the temperature and pressure by the Ideal Gas Law. When
the pressure changes, a velocity is indirectly created. Conversely, when a velocity
is induced, a pressure change is created. The velocity of a fluid also creates heat
because of friction, whether it’s two fluids rubbing against each other or air molecules
flowing past each other. As we can see, the velocity and density are indirectly related
to pressure and temperature, each of which can affect the properties of a fluid.
A change in the temperature of a simple system, such as warm air, can cause the
system to become complex. The cumulus cloud changes from a warm air mass, to
water droplets, to rain because of a temperature change. The same is true in more
complex systems. If you change one of the system’s parameters they become even
more complex. For example, we don’t understand what happens when a warm air
mass inside a supercell rises and meets a layer of colder air. It could weaken the
system, strengthen the system, or be the onset of a tornado.
The current hypothesis maintains the velocity of the wind creates a shear force
that gets a column of air spinning. An upward draft bends the column of air towards
the sky creating a funnel cloud which eventually creates a tornado. However, there
is no explanation of why or how the column of rotating air bends in the middle to
form a funnel cloud. As the middle of rotating column rises, one half starts the
tornado and the other half just seems to disappear.
The reason we see the tornado is dust particles and other stuff rotating inside it.
We know the velocity fields are changing as the tornado picks up stuff, but exactly
how it is changing is a mystery to us. It could be weakening or strengthening the
tornado, but again, we just don’t know.
Simple fluids are a starting place when considering more complex fluids contain-
ing suspended particles. A complex fluid is a mixture of two or more substances that
can be separated. A mud puddle is an example of a complex fluid, where the dirt
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particles are mixed with water creating a suspension. These systems are complex
for good reason. Their behavior is often unpredictable and mystifying. An example
is spontaneous particle size separation, where there is a de-mixing of the solution
by particle size. Most of the information about complex systems is obtained, not
by theoretical derivation, but by qualitative and empirical analysis. Next time you
get an oil change, consider using high grade oil that contains silicate microspheres
to reduce bearing friction. Not only does it reduce the bearing friction, but it helps
fight off the formation of sludge and deposits created by the damaging bi-products of
combustion like fuel, water, acid, metals, and dirt. Exactly how the silicate spheres
are reducing friction or cleaning the engine is a mystery, but we can see the effects
of the microspheres which demonstrates they are working. This is just one of the
many mysteries of fluid mechanics.
In this thesis, the effects on the viscosity of a suspension were studied using
a highly sensitive general-purpose rheometer. The rheometer applied a torque to
the suspension under investigation and calculated the viscosity. The suspensions
were composed of difference sizes and concentrations and measurements are taken
at different angular velocities and solvent viscosities (temperatures). I used the
data obtained and explored the effects on the viscosity for different particle sizes,
velocities, concentrations, and solvent viscosities comparing it to semi-theoretical
equations. Using the semi-theoretical equations, I was able to investigate the terms
and definitions given by those equations determining if there were places for improve-
ment or if new terms needed to be defined. Finally, as technology and equipment
improves, testing and re-testing past theories not only will allow for a better under-
standing of the current theories but will permit a better understanding of how the
entire universe works.
This study will explore the functional dependence of the Mooney, Krieger-
Dougherty, Batchelor, and Brady models of relative viscosity versus concentration
on particle size, concentration, angular velocity, and solvent viscosity. The study
will use particle sizes of 26 m ˙ 3 m, 36 m ˙ 3 m, 51 m ˙ 4 m,
and 71 m ˙ 4 m. The study will included concentrations of 20:0% ˙ 0:3%,
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30:0% ˙0:4%, and 40:0% ˙0:6% by volume; however, the 36 m particles will also
use 25:0% ˙0:3%, 35:0% ˙0:3%, and 50:0% ˙0:4%. Each of these concentrations
and particle sizes were sheared at angular velocities of 1:000 rad=s ˙ 0:001 rad=s,
2:000 rad=s ˙0:001 rad=s, 3:000 rad=s ˙0:001 rad=s, and 4:000 rad=s ˙0:001 rad=s.
Finally, each concentration, particle size, and angular velocity used a range of sol-
vent viscosities from 3017 to 2924 centipoises ˙ 5 cP, 1265 to 1211 cP ˙ 3 cP and
571 to 555 cP ˙ 1 cP.
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CHAPTER 2
Fluid Dynamics
A fluid is a collection of molecules that are randomly arranged and held together
by weak cohesive forces[2]. It is difficult to study the motion of each individual
particle of the fluid as a function of time. Instead, we describe the properties of
the fluid at each point as a function of time. When fluids are in motion, their flow
can be characterized into two groups: laminar and turbulent flow. Laminar flow
is defined by
*r  *vD 0, which results in the fluid following a smooth path, as
shown in Figure 2.1. The curl is a vector operator that describes the rotation of
the vector field[3]. When it is equal to zero, there is no rotation; hence, the flow is
streamline. Turbulent flow is defined by
*r  *v¤ 0, which results in the rotation of
the streamlines and the production of vortices, as shown in Figure 2.2.
The Reynolds number .Re/ is a dimensionless quantity that gives the ratio of
inertial forces to viscous forces. It is the product of velocity and some characteristic
length divided by viscosity.
Re D U`

where U is a velocity
 
m
s

, ` is a length .m/,  is a density
 
kg
m3

, and  is a viscosity 
kg
ms

. The value of the number determines whether a fluid is flowing in a laminar,
transitional, or turbulent flow regime. For a low Reynolds number, the flow is
Figure 2.1: A car in a wind tunnel showing
laminar flow. Notice the streamlines do not
touch or cross while remaining parallel to each
other.
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Figure 2.2: A cigarette showing both laminar and turbu-
lent flow. The smoke nearest the cigarette is laminar. The
smoke furthest from the cigarette is turbulent as shown
by the swirling smoke patterns.
laminar and the viscous forces are dominant. For a high Reynolds number, the flow
is turbulent and inertial forces are dominant[4].
For concentric cylinders, the flow regime can be found using the following
Reynolds number calculation:
Re D !a.b   a/

(2.1)
where ! is the inner cylinder’s angular rotation rate
 
rad
s

, a is the diameter of the
inner cylinder .m/, b is the diameter of the outer cylinder .m/,  is the solvent
density
 
kg
m3

, and  is the fluid viscosity
 
kg
ms

. For this project, there is a range for
the Reynolds number because the viscosity is affected by temperature and velocity.
We used three different temperatures and four different angular velocities, yielding
a Reynolds number range of 0:21 < Re < 4:5. The Reynolds number for this project
is low, Re < 10, conferring the system is well within the laminar flow regime with
the streamlines flowing around an object, as shown in Figure 2.1.
The equation of continuity is defined as the net mass flux through a closed
surface. For an incompressible fluid the net flux must vanish[2]. The net flux is
given by —
*
v d *AD 0
Using the divergence theorem, we get• 
*r  *v

d D 0
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therefore
*r  *vD 0 (2.2)
Equation 2.2, the conservation of mass equation is valid for both laminar and tur-
bulent flow. The continuity equation describes the velocity of cross-sectional area at
any given point along the streamline. The streamlines will diverge before an object
and converge after the object changing velocity to keep the streamlines in laminar
flow. The streamlines over the hood of the car converge and accelerate while the
streamlines over the trunk diverge and decelerate, as seen in Figure 2.1.
The viscosity depends on several parameters, one being temperature. The varia-
tion of viscosity as a function of temperature is given by the Arrhenius Equation[4]
 ŒT  D A Exp

B
T

(2.3)
where  is the viscosity .Pa  s/, T is temperature .Kelvin/, and both A and B
are positive empirical constants unique to each substance. The Arrhenius equa-
tion states the viscosity decreases exponentially with temperature. Molecules of a
liquid at higher energies vibrate more causing the spacing between the molecules
to be increased, which, in turn, allows the molecules to flow more freely and less
obstructed.
2.1 Newton’s Law of Viscosity
Consider two parallel plates a distanceH apart. The bottom plate is held stationary,
and the top plate is moving by some applied force,
*
F , with velocity,
*
U . A fluid fills
the gap with no slipping at either surface, as shown in Figure 2.3. The force to
move the top plate is proportional to the velocity gradient, du
dy
. Imagine the fluid
in-between the plates as individual infinitesimal thin layers, stacked on top of each
other. When the top plate moves at a velocity
*
U , it will force the first infinitesimal
layer of fluid beneath the top plate to move. The first layer will move the second
layer, and the second layer will move the third layer. Each infinitesimal layer of fluid
has a slightly smaller velocity as it approaches the bottom plate where the velocity
is zero.
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Figure 2.3: Couette Flow. Simple experiment showing the effects of viscosity[1].
Experimentally a shear force,  D F
A
, is applied to the top plate where A is
the surface area of the plate that is in contact with the fluid. The shear force is
proportional to the velocity gradient du
dy
, where  is the proportionality constant
called viscosity with SI units Pa  s D kg
ms .
F
A
/ du
dy yDH
) F
A
D du
dy yDH
(2.4)
Viscosity is defined as the resistance of the fluid to a shear force[4]. Newton’s
law of viscosity is defined as
Viscous Stress D   Velocity Gradient
or
 D @u
@y
(2.5)
2.2 Particle Flow
Consider a sphere with constant velocity moving in a viscous medium, as shown in
Figure 2.4 . Terminal velocity occurs when the net acceleration equals zero, and the
velocity is constant. Stokes’ drag law defines the force on the sphere as it travels
through the medium as
Fd D  6aU (2.6)
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where  is the viscosity of the medium, a is the radius of the sphere, and U is the
sphere’s velocity. The drag force is always opposing the velocity.
Figure 2.4: Free-body Diagram for a sphere traveling in a fluid at terminal velocity.
The buoyancy force is given by
Fb D 4
3
a3g; (2.7)
and the weight force is given by
Fw D 4
3
a3sg; (2.8)
where a is the radius of the sphere,  is the density of the medium, s is the density
of the sphere, and g is the acceleration due to gravity. Setting Equation 2.6 and 2.7
equal to 2.8 gives Stokes’ Velocity as the following
U D 2
9
a2g .s   / (2.9)
2.3 Stream Lines and Interacting Spheres
Consider the flow around a particle. For Re << 1, the Navier-Stokes equation


@v
@t
C *v rv

D g   rp C r2 *U
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can be reduced to
rp D r2 *UD   *r  *!
where p is the fluid pressure,  is the viscosity,
*
U is the flow velocity and
*
! is the
vorticity defined as
*
!D*r  *u .[1]
Using the Stokes stream function,  , in spherical polar coordinates, the stream-
lines around a particle are as follows
ur D 1
r2 sin 
@ 
@
u D   1
r sin 
@ 
@r
In the case of axisymmetric flow, u' D 0, and the vorticity equation for the
^
'
component is given by
!' D  1
r

@
@r
.ru/   @ur
@

The vorticity equation for low Reynolds number flow is
!' D  1
r

1
sin 
@2 
@r2
C 1
r2
@
@

1
sin 
@ 
@

Using separation of variables and r2!' D 0, one finds the solution for  as the
following [1]
 D Ur2 sin2 

1
2
  3a
4r
C a
3
4r3

where U is the flow velocity, r is the radial coordinate and a is the radius of the
sphere. Figure 2.5 shows the streamlines flowing past a sphere. When the stream-
lines are very close together they will be defined as compressed, and when the
streamlines are spread far apart they will be defined as relaxed. A suspension with
a high concentration of particles will have tightly compressed streamlines; whereas,
a suspension with low concentration will have relaxed streamlines.
The introduction of more particles has some strange effects on particle interac-
tions. First, two or more particles can flow faster than the Stokes velocity for a
single comparable particle.[5] The particles approach each other, aligning in such
a way that they appear to have the surface area of a single particle, but heavier
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Figure 2.5: Stream lines flowing around a
sphere traveling in a fluid at terminal velocity.
total mass. This is why they can flow faster than the Stokes’ velocity. Second, the
streamlines for a single particle can influence particles at great distances because
the interactions decay like 1
r
. Finally, for a particle flowing at a constant velocity,
the streamlines converge before the particle and diverge after the particle.
Consider three equal particles flowing at a constant velocity in the downward
direction with streamlines compressing and relaxing as they interact, as shown in
Figure 2.6. At some time, t D 1, the three particles are all flowing at the same
velocity. At some later time, t D 2, the red and green particles have changed
velocities speeding up and catching the blue particle. At t D 4, the red and green
particle have passed the blue one. The particles’ streamlines are interacting with
one another such that they are changing velocities. At t D 6, the blue particle
has pushed the green particle out of the way by influencing the streamlines to the
point that the red particle is flowing faster and the green particle is flowing slower.
Finally at t D 8, the red and blue particles are flowing faster than the green particle,
but there is no interaction here. This process keeps repeating itself with random
velocities for each particle. Laminar flow does not allow the crossing of streamlines
between particles. Instead, the streamlines compress and diverge, changing the
velocity of a particle or particles. This explains why the viscosity is higher as the
concentration is increased. The stream lines are compacted closer together, making
the flow more difficult, thus increasing the viscosity.[5]
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Figure 2.6: Three equal spheres flowing at a constant velocity in the direction of the
arrows at various times showing how particle interaction can increase and decrease
the velocities of the spheres.
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Figure 2.7: Streamlines of Fluid relative to moving cloud.
A finite number of particles with radius a can form a spherical cloud with a
larger radius R that has a different density and viscosity, as shown in Figure 2.7.[5]
The speed of the cloud can be much faster than the speed of a single particle and the
larger size of the particle creates a bigger wake for the hydrodynamic interactions.
2.4 Equations
The data collected will be modeled to Einstein’s, Mooney’s, Krieger-Dougherty’s,
Batchelor’s, and Brady’s equations to obtain a better understanding of the relative
viscosity as a function of concentration. The models will look at different concentra-
tions, solvent viscosities, particle sizes, and angular velocities to explore the affects
those parameters have on the relative viscosity. Einstein’s equation starts out as a
simple linear equation and Mooney’s, Krieger-Dougherty’s, Batchelor’s, and Brady’s
equations all build upon each other adding more insight and detail between particle
interactions as the equations become more complex.
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2.4.1 Einstein
In 1906, Albert Einstein wrote his Ph. D. dissertation on the molecular-kinetic
theory of liquids, where the size of molecules of substances dissolved in an undisso-
ciated dilute solution can be determined from the internal viscosity of the solution
and of the pure solvent[6]. By studying how a singular sphere and multiple spheres
suspended in a fluid influenced the fluid’s motion, Einstein was able to write the
following equation
r D 1C ' (2.10)
where r D 0 is the relative viscosity,  is the viscosity of the suspension, 0 is the
viscosity of pure solvent, ' is the volume fraction of spheres, and  is a coefficient
to be determined. Einstein states for very small rigid spheres suspended in a liquid,
the coefficient of viscosity increases by a fraction that is equal to 2:5 times the total
volume of the spheres suspended in a unit volume, provided that this total volume
is very small. It has been well accepted that the value of  D 2:5 is acceptable for
low concentrations, 0% < ' < 10%.
2.4.2 Mooney
Since Einstein’s equation is only valid for low concentrations, Mooney considered
higher concentrations. Mooney quickly realized that, at higher concentrations, the
empirical data for relative viscosity appear to follow more of an exponential function
of concentration. Taking into account the variation in particle size and particle
interactions for higher concentrations, Mooney derived the following[7]
r D Exp

'
1   k'

(2.11)
where r is the relative viscosity, ' is the volume fraction, k is a constant called
the self-crowding factor, and  is a fitting parameter chosen to agree with Einstein’s
value of 2:5.
There is a limit to the maximum concentration, or self-crowding factor, because
the curve is exponential; when the curve goes to infinity, we have reached maxi-
mum concentration. This self-crowding factor at maximum concentration does not
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allow the movement of neighboring particles because the suspension is acting like
a solid. Consider a two-component system. Given spheres of size a1 in partial vol-
ume concentration '1. Spheres of a2 crowd into the remaining free volume given by
1   12'1.[7] To determine a value for the self-crowding factor, Mooney considered
the packing densities.
The minimum value of k comes from the least dense packing factor, which is
the sphere packing factor of 
3
p
2
, k D 3
p
2

 1:35. The maximum value of k
comes from the densest cubic factor, which is 
6
, so k D 6

 1:91. Mooney also
determined that the factor of k is not significantly affected by temperature, but
rather more dependent on concentration because k D 1
'm
, where 'm is the maximum
concentration. Mooney determines the range of k to be
1:35 < k < 1:91
or
0:52 < 'm < 0:74
2.4.3 Krieger-Dougherty
Krieger and Dougherty began looking at the interactions between neighboring spher-
ical particles the following two ways. First, how each particle can rotate separately,
called a singlet. Second, how two particles can rotate (about one another) together,
called a doublet. Figure 2.8 shows an example of singlets and doublets. Even though
the solution contains both singlets and doublets, most of the interactions are sin-
glets because eventually the doublets will separate forming singlets[8]. Krieger and
Dougherty used Eiler’s equation,
r D
"
1C 1
2
Œ'
1   '
'm
#2
;
and Mooney’s equation, Equation 2.11, to come up with the following equation
r D

1   '
'm
 Œ'm
(2.12)
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Figure 2.8: A singlet is where the two particles rotate independently and a doublet
is where the two particles rotate together like a dumbbell.
where Œ is a fitting parameter based on the shape of the particles (called the
“intrinsic viscosity” taken to equal 2:5 to agree with Einstein), ' is the volume
fraction, and 'm is the maximum volume fraction. The parameter Œ D 2:5 because
of the spherical shape of a single particle (singlet). However, the capsule shape of
two particles rotating together as one (doublet) will increase the value of Œ because
the particles are not rotating like a perfect sphere.
2.4.4 Batchelor
Batchelor expanded Equation 2.10 to include terms of order c2, where c is the
volume fraction. Again, he brought to light the fact that the particles interact with
each other, and those interactions will affect the viscosity of the entire system.[9]
The value of c is taken from Mooney and written as the following
c D
 
'
1   '
'm
!
Batchelor writes his equation as follows
r D 1C c C ˛c2 (2.13)
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The term ˛ is a fitting parameter based on the probability density, p

*
r ; t

,
which is determined by three-sphere interactions, Brownian motion, or the assump-
tion of some particle’ s initial state[9]. The probability density represents the
vector
*
r separating the centers of the two particles. The values can range from
5:2 < ˛ < 7:6. The linear coefficient, , is taken to agree with Einstein.
2.4.5 Brady
Brady expanded upon the simple model for the rheological behavior of concentrated
colloidal dispersions consisting of the two phases for suspensions. Brady considered
the suspensions of Brownian hard spheres and its two contributions to the macro-
scopic stress, both hydrodynamic and Brownian stress, when deriving his equation.
The hydrodynamic stress is the dynamic viscosity. The Brownian stress is respon-
sible for the viscoelastic behavior of colloidal dispersions. The Brownian stress is
proportional to the equilibrium radial-distribution function at contact, g.2/ divided
by the short-time self-diffusivity, DS0 .'/, both evaluated at the volume fraction
'.[10]
Physically, it is the short-time self-diffusivity that governs the viscoelastic re-
sponse because, for small departures from equilibrium, particles only need to diffuse
a proportionally small distance to relax the structure back to equilibrium.
As random close packing is approached, the number of particles “at contact” di-
verges as
g.2/  1:2

1   '
'm
 1
as ' ! 'm (2.14)
and the short-time self-diffusivity vanishes as
DS0 .'/  0:85

1   '
'm

as ' ! 'm (2.15)
The particles are “located” into place by the strong hydrodynamic lubrication
forces, thus the effective viscosity diverges as
1   '
'm
 2
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as random close packing is approached. Brady claims this is the essence behind the
singular behavior of the viscosity of Brownian dispersions.
The hydrodynamic viscosity H scales in the dilute limit as
H  5
2
' as ' ! 'm (2.16)
The zero shear-rate viscosity is given by
r D 1C H C 12
5
'2
g.2/
DS0 .'/
(2.17)
Substituting Equations 2.14, 2.15, and 2.16 into Equation 2.17 results in the
following equation
r D 1C ' C ˇ'2

1   '
'm
 2
(2.18)
where  is a fitting parameter taken as 2:5 to agree with Einstein’ s Equation 2.10
(section 2.4.1) and ˇ ' 288
85
is a combination of fitting parameters and 'm is the
maximum concentration.
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CHAPTER 3
Experiment
3.1 Apparatus
3.1.1 Concentric Cylinder
The concentric cylinder geometry used in this experiment is a system of two cylinders
of common axis. The inner cylinder is defined as the inside geometry and is a solid
piece of Plexiglas, as shown in Figure 3.1(a). The outer cylinder is defined as the
outside geometry and forms a hollow cylindrical cup, as shown in Figure 3.1(b). The
outside geometry holds the sample, at constant thermal equilibrium, and the inside
geometry, which applies the torque, is inserted into the sample, as shown in Figure
3.1(c).
The inside geometry, Figure 3.1(a), is made from a solid cylindrical piece of Plex-
iglas with an outside diameter of 1 inch and a hollow cylindrical piece of Plexiglas
with an inside diameter of 1 inch and 1=4 inch thick walls, for a total outside diam-
eter of 1:5 inches. The two pieces were glued together to form one solid cylinder.
A lathe was used to turn the cylinder so that the outside diameter has a uniform
(a) (b) (c)
Figure 3.1: Images of concentric cylinder (a) is the inside geometry, (b) is the outside
geometry, and (c) is the inside geometry inserted into the outside geometry with the
sample filling the gap.
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surface at 3:76 cm ˙ 0:01 cm. The roundness ratio is defined as the maximum
radius divided by the minimum radius therefor 1 defines a perfect circle. The inside
geometry has a roundness ratio of 1:005. The geometry has an eccentricity causing
the outer surface to deviate ˙0:0001 cm from the mean for one full revolution. The
measuring surface has a height of 6:02 cm ˙ 0:05 cm. The overall cylinder has
a height of 7:92 cm ˙ 0:01 cm. An M4 tap was used to thread the center of this
cylinder so that it could be attached to the AR 1500ex Rheometer’s spindle (Section
3.1.3).
The outside geometry is a cylindrical cup with an inside diameter of 2 inches
and a little over 2 inches deep. A 2 inch Plexiglas disk was attached to the bottom
of the cylinder allowing one end of the cylinder to be closed and the other to be
open, as shown in Figure 3.1(b). The cylindrical cup is housed in a box, creating
a water jacket, allowing the sample to be held at a constant temperature using a
NESLAB RTE 7 Bath Circulator (Section 3.1.2) which circulates water around the
water jacket. The hollowed cylinder has a diameter of 5:08 cm ˙ 0:01 cm and a
depth of 5:59 cm ˙ 0:07 cm. The roundness ratio for the outside geometry is 1:002
and has a total volume of 113:08 cm3 ˙ 0:01 cm3.
The gap size is the distance between the outside and inside geometries. In this
case the gap size is 0:66 cm˙0:01 cm. The custom concentric cylinder was calibrated
and compared to known values for glycerin at specific concentrations (Section 3.2.1).
The experimental values where consisted with the tabulated values.
3.1.2 NESLAB RTE 7 Bath Circulator
The NESLAB RTE 7 Bath Circulator, Figure 3.2, is a constant cool, pulsating heat
unit that is used to keep the sample chamber at constant thermal equilibrium. The
NESLAB Bath has a temperature range  25:00ıC to C150:00ıC and temperature
stability ˙0:01ıC. The RTE 7 has a flow rate of 15 liters per minute which is fast
enough to remove any heat generated. The unit has a 7 liter reservoir that holds the
cooling agent, water. The water circulates around the outside geometry ensuring
the sample is held at constant thermal equilibrium. The NESLAB RTE 7 removes
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Figure 3.2: The NESLAB RTE 7 Bath Circulator.
the heat generated by the friction fromm the shearing of the suspension. It also
removes any heat introduced by the environment.
The water jacket is a cubic box made out of 1=4 inch acrylic Plexiglas with
outside dimensions 12:7 cm  12:7 cm  11:4 cm used to stabilize the temperature
of the sample, as shown in Figure 3.1(c). The water jacket had a minimum of
1 1=4 inch insulation of water surrounding the sample. The box is held together with
Permabond Engineering Adhesive (910 Metal Bonding General Purpose DA2857).
3.1.3 Rheometer
The AR 1500ex, the heart of the experiment, is an advanced combined motor and
transducer (CMT) rheometer, shown in Figure 3.4. The head of the instrument is
attached to a ball-slide that allows the vertical movement of the inside geometry.
The head contains a drag cup motor, with an armature that forms the rotating
spindle of the rheometer, an air thrust bearing that supports the spindle, and an
optical encoder that determines angular position, as seen in Figure 3.3.[11]
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Figure 3.3: Cut away of the head of the AR 1500ex Rheometer showing the various
components used to rotated the geometry used to take measurements.
The air bearing uses compressed air as the lubricating medium allowing a vir-
tually friction-free application of torque for the attached geometry. A continuous
supply of air at 30 psi is needed to create this cushion of air allowing the geometry
to rotate without friction. To ensure that the bearing rotation is steady throughout
a full 360ı rotation, a rotational mapping is performed. The rotational mapping
combines the absolute angular position data from the optical encoder with micro-
processor control of the motor calculating and storing the small mapping variations.
The microprocessor then applies the stored mapped variations making the appro-
priate baseline corrections to the applied torque as the spindle rotates. An initial
rotational calibration is measured to calculate the moment of inertia of the spindle
and geometry. This measurement is used to eliminate the torque caused by the
spindle and geometry ensuring the torque measured by the rheometer is solely from
the sample. The AR Instrument Software controls the rheometer and stores this
information implementing the corrections when applicable.
The zero gap distance is defined when the bottom of the inside geometry touches
the bottom of the outside geometry and is accurate to ˙0:01 m. This is done by
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Figure 3.4: The AR 1500ex Rheometer from TA Instruments.
lowering the inside geometry slowly until it touches the outside geometry. The
software stores this zero gap location and all future measurements use this mark as
zero.
The rheometer’s hardware is capable of measuring torque to ˙0:1 Nm and
angular displacement to 40 nRad. The microprocessor is capable of taking time
measurements at 1 GHz or a time of 10 9 s per sample. The angular velocity for
the software has a resolution of 0:001 rad=s and an accuracy of 10 7 rad=s. These
measurements are used to calculate the viscosity with a resolution of 10 4 Pa  s and
an accuracy of ˙10 6 Pa  s.
3.2 Sample
3.2.1 Glycerine
Glycerin, HOCH2CHOHCH2OH , is a colorless and odorless liquid, soluble in
water. The Material Safety Data Sheet indicates that the sample should be less
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than 99:5% glycerin and a density of 1:2607 g=cm3. The density was measured
using a graduated cylinder, ˙0:001 cm3, and a precision digital balance, ˙0:0001 g,
made by Fulcrum Inc., model AGN200C. The measured mass density of glycerin
was g D 1:245 g=cm3 ˙ 0:001 g=cm3.
The viscosity of glycerin as a function of temperature is shown in Figure 3:5. The
rheometer calculated the viscosity for several different temperatures and is compared
to standard values from DOW Chemical standards for 100%, 99% and 98% pure
glycerin.[12] The data agrees with < 99:5% pure glycerin from the MSDS. This data
was modeled to the Arrhenius Equation, Equation 2.3, using a least squares-fit to
determine the empirical coefficients resulting in the following:
 ŒT  D 3:82  10 9 Exp

7745
T

(3.1)
where T is temperature in Kelvin. Calculating the standard deviation of the line
gives line D 48 mPa  s, where 1 centipoise.cP/ D 1 mPa  s. Arrhenius Equation is
flawed because it does not take into account the angular velocity dependence for the
solvent viscosity, which is seen in Table 3.1. Consequently, we will use the empirical
data as the solvent viscosities.
3.2.2 Glass Particles
The particles are precision grade soda-lime glass spheres (Class V) from MO-SCI
Specialty Products, L.L.C. The manufacturer claims the particles are more than
90% in the given range and more than 90% spherical. The refractive index for the
soda-lime glass particles is 1:5.
The particles were measured using a digital microscope, shown in Figure 3:6, and
Image-Pro c Plus image analysis software to find the maximum diameter, minimum
diameter, mean diameter, maximum radius, minimum radius, perimeter, radius ra-
tio, and roundness of the particle.
The digital microscope, model number DC4-410, uses a 1.2 Megapixel digital
camera and Motic Images Plus 2.0 software to capture a numeral representation of
the particles, shown in Figure 3.7. The images were loaded into Image-Pro c Plus,
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Temperature
.ıC/
Angular Velocity
.rad=s/
Solvent
Viscosity .cP/
Standard Deviation
solvent Viscosity .cP/
10
1 3017 ˙4
2 2988 ˙2
3 2965 ˙4
4 2924 ˙5
20
1 1265 ˙3
2 1250 ˙2
3 1233 ˙2
4 1211 ˙2
30
1 571 ˙1
2 566 ˙1
3 560 ˙1
4 555 ˙1
Table 3.1: Solvent Viscosity Table. A table showing all the solvent viscosities
used in this experiment.
Figure 3.5: A plot of viscosity as a function of temperature for the calibration
curve of the custom concentric cylinder (black triangles with error bars) and DOW
Standard values for 98% (red squares) pure glycerin, 99% (green stars) pure glycerin,
and 100% (blue diamonds) pure glycerin.
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Figure 3.6: The digital microscope model number DC4-410.
which calculated the average size of each individual particle. The image of the parti-
cles has been digitized creating very small regions called picture elements, or pixels.
A 2000 m circle, made by Motic c was used to calibrate the software to measure
0:180030 Pixels=m, which now allows the measurements of the individual parti-
cles. Several pictures of each different size of particle were taken to obtain 50 to 200
particles of each size for analysis. The software counts the particles and eliminates
anything touching the edge of the picture. It also eliminated anything too small or
too large to be a measurable sphere. This would eliminate dust and glass spheres
that where touching each other. Table 3:2 lists all the information obtained from
the computer software, including the mean radius, mean radius standard deviation,
radius ratio, radius ratio standard deviation, and density.
A histogram of the data is provided to show the mean radius distribution in
Figure 3:8. The particles are physically sorted by using different screens called
mesh screens to allow particles through if the are too small, or hold them if they
are too big. This is the reason we have a mean radius. The particles with radius
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Figure 3.7: Image of the particles (a D 51 m) under the microscope using Motic
Images Plus 2.0.
a D 71 m have a mesh size of  100= C 120 which selects particles with radius
63 m < a < 75 m. The particles with radius a D 51 m have a mesh size of
 140=C 170 which selects particles with radius 45 m < a < 53 m. The particles
with radius a D 36 m have a mesh size of  200=C230 which selects particles with
radius 32 m < a < 38 m. The particles with radius a D 26 m have a mesh size
of  270=C 325 which selects particles with radius 23 m < a < 27 m.
The density of the glass spheres, s, was calculated using displaced water in a
Mean
Radius
.m/
Radius
Standard
Deviation
.m/
Radius
Ratio
Ratio
Standard
Deviation
Density
.g=cm3/ 
 
g=cm3

26 3 1.588 1.507 2.27 ˙0:07
36 3 1.255 0.098 2.64 ˙0:01
51 4 1.210 0.054 2.78 ˙0:02
71 4 1.138 0.055 2.62 ˙0:04
Table 3.2: Table of particle size, radius ratio and density with standard deviation.
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Figure 3.8: Histogram of particles showing the mean and standard deviation values.
graduated cylinder, ˙0:01 cm3, and the AGM200C precision digital balance. This
was done several times for all sets of particles and averaged together to determine
a density for each size particle, shown in Table 3.2.
3.3 Procedure
Preparing a sample with a desired percent volume of glass spheres mixed in glycerin,
used the following equations
%Vol D Vspheres
VTotal
D Vs
Vglycerin C Vs
Vs D .%Vol/.Vg/
.1  %Vol/
ms D .s/.%Vol/.Vg/
.1  %Vol/ (3.2)
44
%VolActual D ms
.Vg/.s/Cms (3.3)
Using the value of s from Table 3.2, measuring Vg from a graduated cylinder,
and inserting the desired %Vol into Equation 3.2 yields the total mass of particles,
ms, needed for the desired concentration. Using the actual ms along with the values
of s and Vg in Equation 3.3 gives the actual percent volume for the sample. Table
3.3 displays a list of all values obtained during the experiment.
To find the error, we use propagation as follows[14]:
Vgs
hVgsi D
s
Vg
hVgi
2
C

s
hsi
2
Vgs D
s
Vg
hVgi
2
C

s
hsi
2
hVgsi
VgsCms D
q
2Vgs C 2ms
%Vol
h%Voli D
s
VgsCms
hVgs Cmsi
2
C

ms
hmsi
2
%Vol D
s
VgsCms
hVgs Cmsi
2
C

ms
hmsi
2
h%Voli (3.4)
The values from Equation 3.4 are displayed in Table 3.3 under the Actual %Volume
column as a standard deviation.
Mixing the glycerin and particles was done by slowly rotating a graduated cylin-
der, to avoid air bubbles in the suspension. Once the particles were evenly dis-
tributed, the suspension was added to the outside geometry, and the inside geometry
was lowered to the proper gap size so that the experimental data could be taken.
3.3.1 Experiment Procedure
The first conditioning step used an angular velocity of 1:000 rad=s to stir the sus-
pension for a total of one hour at a desired temperature using the RTE 7. After an
hour, the first peak hold step held the rotation of the inner geometry constant at
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Mean
Radius
.m/
Desired
%Volume
Mass of
Beads .g/
Volume of
Glycerin
(cm3)
Actual
%Volume
Temp
.oC/
26 ˙3 20% 41.9307 74 ˙1 20.0% ˙0:3% 10,20
26 ˙3 20% 46.4469 82 ˙1 20.0% ˙0:2% 30
26 ˙3 30% 67.9696 70 ˙1 30.0% ˙0:4% 10,20,30
26 ˙3 40% 77.0245 51 ˙1 40.0% ˙0:6% 10,20,30
36 ˙3 20% 51.4479 78 ˙1 20.0% ˙0:2% 10,20,30
36 ˙3 25% 66.8368 76 ˙1 25.0% ˙0:3% 10,20,30
36 ˙3 30% 87.0697 77 ˙1 30.0% ˙0:3% 10,20,30
36 ˙3 35% 105.1302 74 ˙1 35.0% ˙0:3% 10,20,30
36 ˙3 40% 133.6593 76 ˙1 40.0% ˙0:3% 10,20,30
36 ˙3 50% 117.4003 89 ˙1 50.0% ˙0:4% 10,20,30
51 ˙4 20% 78.4964 113 ˙1 20.0% ˙0:1% 10
51 ˙4 20% 86.8215 125 ˙1 20.0% ˙0:1% 20,30
51 ˙4 30% 94.0888 34 ˙1 30.0% ˙0:4% 10,20,30
51 ˙4 40% 120.8217 65 ˙1 40.1% ˙0:4% 10
51 ˙4 40% 113.0428 61 ˙1 40.0% ˙0:4% 20,30
71 ˙4 20% 47.8739 73 ˙1 20.0% ˙0:2% 10,20,30
71 ˙4 30% 78.6526 70 ˙1 30.0% ˙0:3% 10,20,30
71 ˙4 40% 113.6166 65 ˙1 40.0% ˙0:4% 10,20,30
Table 3.3: Table of Actual % Volume using Equation 3.3 and Equation 3.4 for the
standard deviation using the appropriate values found in the table and Table 3.2.
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1:000 rad=s for five minutes taking a data point every five seconds. The second con-
ditioning step increased the angular velocity to 2:000 rad=s for five minutes before
proceeding to the next step. The second peak hold step holds the inner geometry
constant at 2:000 rad=s, again, for five minutes taking a data point every five sec-
onds. The third conditioning step increases the angular velocity to 3:000 rad=s for
five minutes and proceeds to the third peak hold step keeping the angular veloc-
ity constant at 3:000 rad=s for five minutes taking a data point every five seconds.
Finally, the fourth conditioning step rotates the inner geometry at 4:000 rad=s for
five minutes proceeding to the final peak hold step using a constant angular velocity
at 4:000 rad=s for five minutes taking a data point every five seconds. The entire
process was repeated at different temperatures, concentrations, and particle sizes to
obtain all reported data.
3.3.2 Data
Data was collected at solvent viscosities of 3017   2924 cP, 1265   1211 cP and
571   555 cP, which corresponds to temperatures 10ıC, 20ıC, and 30ıC, respec-
tively. Data was collected at angular velocities of 1 rad=s, 2 rad=s, 3 rad=s, and
4 rad=s. Data was collected at concentrations of pure glycerin, 20%, 30%, and 40%.
Data was collected for particles with radii of 26m, 36m, 51m, and 71m. For
the solution containing the particles with a radius of a D 36 m, additional concen-
trations of 25%, 35%, and 50% were used. Table 3.3, gives a detailed breakdown of
concentrations and particle sizes used in this experiment.
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CHAPTER 4
Data/Analysis
4.1 Universal Trends in the Data
4.1.1 Standard
The relative viscosity for a system with solvent viscosity 3017 cP ˙ 4 cP, particle
radius a D 36 m ˙ 3 m and angular velocity ! D 1:000 rad=s ˙ 0:001 rad=s
is shown in Figure 4.1. This system will be noted as the Standard System and
will be used to compare different solvent viscosities, angular velocities, and particle
sizes to the different equations studied in Section 2.4. Looking at Figure 4.1, we
see Mooney’s Equation 2.11, as the green line with values for the coefficients of
 D 2:8˙0:3 and 'm D 0:79˙0:11, Krieger-Doughtery’s Equation 2.12, as the blue
line with values for the coefficients of  D 3:2˙0:4 and 'm D 0:57˙0:10, Batchelor’s
Equation 2.13 (Standard), as the black line with values for the coefficients of  D
2:8˙0:3, 'm D 0:59˙0:07, and ˛ D 3˙1, and Brady’s Equation 2.18 as the purple
line with values of  D 3:2˙ 0:4, 'm D 0:61˙ 0:04, and ˇ D 5:4˙ 0:6.
All four of the models show a swift increase in relative viscosity values as the
concentration is slowly increased. The relative viscosity is defined by r D 0 where
 is the viscosity of the suspension and 0 is the viscosity of pure solvent. The data
starts with a small increasing linear slope between 0 < ' < 0:15. For ' > 0:15, the
relative viscosity begins an ever more rapid increase as the concentration continues
to slowly increase. The vertical asymptote, defined as 'm, describes the limit of
a function approaching infinity and is the maximum packing concentration. We
found the maximum concentration, 'm, to be different than the jamming point,
'j . The jamming point is a point where the suspension is no longer acting like a
liquid, but instead is acting like a solid at 'j  52%. For Batchelor’s Equation 2.13,
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Figure 4.1: The Standard System. The standard system using the following
parameters of 0 D 3017 cP ˙ 4 cP, ! D 1:000 rad=s ˙ 0:001 rad=s, and a D
36 m ˙ 3 m with Mooney’s Equation 2.11 the green line with values of  D
2:8 ˙ 0:3 and 'm D 0:79 ˙ 0:11, Krieger-Doughtery’s Equation 2.12 the blue line
with values of  D 3:2 ˙ 0:4 and 'm D 0:57 ˙ 0:10, Batchelor’s Equation 2.13
(Standard) the black line with values of  D 2:8 ˙ 0:3, 'm D 0:59 ˙ 0:07, and
˛ D 3˙ 1, and Brady’s Equation 2.18 the purple line with values of  D 3:2˙ 0:4,
'm D 0:61˙ 0:04, and ˇ D 5:4˙ 0:6.
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'm D 59% ˙ 7%. We see the 'mLow D 52%, is a translation point and happens to
be within error of 'j  52%.
The standard deviation for the relative viscosity for most data points are relativ-
ity small. This obscures many of the error bars behind the size of the data symbols.
The standard deviation for concentration has a maximum of ' D ˙0:4% for each
point and is also hindered by the size of the symbols.
4.1.2 Solvent Viscosity Dependence
Suspensions using an angular velocity ! D 1:000 rad=s ˙0:001 rad=s, particle radius
a D 36 m ˙3 m and solvent viscosities S D 3017 cP ˙4 cP, S D 1265 cP ˙3 cP
and S D 571 cP ˙ 1 cP, are shown in Figure 4.2. Again, Batchelor’s Equation
2.13 is used to aid in the visualization of the data points with the values of the
coefficients being found in Table 4.4.
Looking at the changing solvent viscosities we see for increasing values there
is an increase in relative viscosities, which is shown in Figure 4.2. At the higher
solvent viscosities, the movement of a single particle creates a larger wake causing a
much greater region of influence which in turn will affect particles at much greater
distances. This makes it difficult for the particles to compact tightly together be-
cause the closer you approach a particle, the wake caused by the larger approaching
particle pushes all nearby particles away. This is similar to trying to connect N-N
poles of a magnet. Just as the strength of the magnet affects the magnetic force
field between the poles, so does a wake field affect the disturbance of the solvent
causing it to repel or push a larger region of particles away with a larger wake field.
This is in contrast to lower viscosities, where the movement of a single particle has
much less significant influence on a region or particles further away from it.[5] For
instance, an individual particle at S D 3017 cP has a significant effect on a larger
region, for example ten times the radius of the particle. For the same individual
particle at S D 571 cP, the region of influence is much smaller, for example 5 times
the radius. At lower solvent viscosities, the influence region between particles is
smaller allowing the particles to compact more tightly together increasing 'm.
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Figure 4.2: The following system is for an angular velocity ! D 1:000 rad=s for
the particle with a radius a D 36 m and the three solvent viscosities. The black
line and points are for the standard at S D 3017 cP ˙ 4 cP (Batchelor’s:  D
2:8˙ 0:3, 'm D 0:59˙ 0:07, and ˛ D 3˙ 1), the green line and diamonds are for
S D 1264 cP ˙3 cP (Batchelor’s:  D 2:6˙0:8, 'm D 0:61˙0:10, and ˛ D 3˙1)
and the red line and stars are for S D 571 cP ˙ 1 cP (Batchelor’s:  D 2:2˙ 0:3,
'm D 0:59˙ 0:08, and ˛ D 3˙ 1) solvent viscosities.
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Based on Hinch’s argument, we would expect at higher solvent viscosities a larger
value for the relative viscosities, as well as, higher values for 'm. The reason for this
is at higher solvent viscosities the wake field created by the particles is much larger
than the wake field created at lower solvent viscosities. We believe the wake field
is a determining factor for particle packing. A larger wake field prevents particles
from closely interacting with each other because the large wake field is pushing any
nearby particles away. Compared to a smaller wake field, the smaller field allows
for nearby particles to closely interact with each other, thus permitting for more
particles to compact more and lowering the values for 'm. This is seen in Figure 4.2
and the data in Tables 4.2, 4.3, 4.4, and 4.5. The figure shows the relative viscosity
versus concentration, for S D 3017 cP data, the black points, has the highest
relative viscosity, followed by S D 1265 cP data, the green diamonds, and last
the S D 571 cP data, the red stars. We also see the values of 'm increasing from
'm D 61% ˙ 4% at S D 3017 cP to 'm D 64% ˙ 9% at S D 1265 cP, then
decreasing to 'm D 61% ˙ 7% at S D 571 cP. The data in the tables shows an
overall decrease in relative viscosity and 'm as the solvent viscosity is decreased.
4.1.3 Angular Velocity Dependence
Figure 4.3 shows solvent viscosities for suspensions using angular velocities ! D
1:000 rad=s ˙ 0:001 rad=s, ! D 2:000 rad=s ˙ 0:001 rad=s, ! D 3:000 rad=s ˙
0:001 rad=s and ! D 4:000 rad=s ˙ 0:001 rad=s, particle radius a D 36 m, and
corresponding solvent viscosities 3017 cP ˙4 cP, 2988 cP ˙2 cP, 2965 cP ˙4 cP and
2924 cP ˙5 cP, respectively, because the solvent viscosity has angular dependence.
As shown in Table 3.1 on page 40, the solvent viscosity, S, depends on the angular
velocity, !. Again, Batchelor’s Equation 2.13 is used to aid in the visualization of
the data points with the values of the coefficients being found in Table 4.4.
While the angular velocity is increasing, the relative viscosity is decreasing and
'm is increasing, as shown in Figure 4.3. We suspect, because we cannot see, the
increasing angular velocity is creating particle aggregation which forces the particles
to the outer edge of the cylindrical cup. This creates a gap that is filled with more
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Figure 4.3: The following system varies the angular velocities for the particle with ra-
dius a D 36 m. The black line and points are for the standard for ! D 1:000 rad=s
and S D 3017 cP ˙ 4 cP (Batchelor’s:  D 2:8 ˙ 0:3, 'm D 0:59 ˙ 0:07, and
˛ D 3 ˙ 1), the green line and diamonds are for ! D 2:000 rad=s and S D
2988 cP ˙ 2 cP (Batchelor’s:  D 2:7˙ 0:2, 'm D 0:60˙ 0:06, and ˛ D 3:1˙ 0:9),
the blue line and stars are for ! D 3:000 rad=s and S D 2965 cP ˙ 4 cP (Batch-
elor’s:  D 2:6 ˙ 0:1, 'm D 0:61 ˙ 0:07, and ˛ D 2:7 ˙ 0:8) and the yellow line
and triangles are for ! D 4:000 rad=s and S D 2924 cP ˙ 5 cP (Batchelor’s:
 D 2:6˙ 0:3, 'm D 0:62˙ 0:10, and ˛ D 3˙ 1).
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of the pure glycerin and fewer particles thus lowering the relative viscosity. The
value of 'm increases from 61% ˙ 4%, 62% ˙ 4%, 63% ˙ 4%, to 65% ˙ 7% as
the angular velocity is increased. The particles are being compressed more tightly
because of the centripetal force being applied, thus increasing 'm.
4.1.4 Particle Size Dependence
Suspensions using an angular velocity ! D 1:000 rad=s, particle radii a D 26 m ˙
3 m, a D 36 m ˙3 m, a D 51 m ˙4 m and a D 71 m ˙4 m, and solvent
viscosity 3017 cP, are shown in Figure 4.4. Again, Batchelor’s Equation 2.13 is used
to aid in the visualization of the data points with the values of the coefficients being
found in Table 4.4.
The smallest size particle, a D 26 m, has the lowest viscosity and tries to fol-
low a more linear function, as shown in Figure 4.4. It is suspected that the minute
size of the particle for a given concentration generates larger open space between
neighboring particles producing a solution that mirrors suspensions of lower concen-
trations. This results in the data resembling a more linear function as described by
Einstein’ s model, Equation 2.10.
The 'm values are appearing to be indiscriminate for the different particle sizes,
such that, it varies from 'm D 61%˙4% for the 71 m and 36 m, to 'm D 116%˙
8% for the 26 m, this can be seen in Figure 4.4. The particle size dependence has
the most bizarre results and is the least understood at this time.
4.2 Models
4.2.1 Fitting Procedures
The following section describes the procedure used to determine the goodness-of-fit
of the data to the models and the values of the error for the coefficients. We also
used a Taylor Series Expansion of Mooney’s Equation 2.11 and Krieger-Dougherty’s
Equation 2.12 to keep the number of constraints consistent at two for both Batche-
lor’s Equation 2.13 and Brady’s Equation 2.18.
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Figure 4.4: The following system shows a plot for all four radii for the angular
velocity of ! D 1:000 rad=s and S D 3017 cP ˙ 4 cP. The black line and points
are the standard with a D 36 m (Batchelor’s:  D 2:8˙ 0:3, 'm D 0:59˙ 0:07,
and ˛ D 3 ˙ 1), the red line and squares are for radius a D 26 m (Batchelor’s:
 D 3:0 ˙ 0:3, 'm D 1:05 ˙ 0:12, and ˛ D 4 ˙ 1), the blue line and stars are for
radius a D 51 m (Batchelor’s:  D 3:1˙0:3, 'm D 0:61˙0:07, and ˛ D 4˙2) and
the yellow line and triangles are for radius a D 71 m (Batchelor’s:  D 2:6˙ 0:2,
'm D 0:57˙ 0:06, and ˛ D 3˙ 1).
The data was modeled to the equations in section 2.4 to find the coefficients,
, k, 'm, ˛, and ˇ. In order to determine the goodness of fit the following three
methods were used: a least squares fit, a reduced chi-squared, 2, and a probability
distribution function (PDF) of 2. The initial guess for the coefficients were found
using the “FindFit” function in Mathematica. This function uses a least squares
fit, a method that minimizes the discrepancy between the measured and calculated
values, to determine the initial values of the coefficients. The 2 and PDF of 
2
were used in conjunction to interpret the results and verify the goodness of fit.
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The Reduced Chi-Squared equation is defined by the following:
2 D
2

D 1

NX
iD1
"
ri   r .xi ; yi/
2
2xi C 2yi
#
(4.1)
where  D N   nc is the degrees of freedom, N is the number of data points and nc
is the number of constraints. The expected value of
˝
2
˛ D 1. Values much larger
than 1 result from a large deviation from the assumed distribution indicating either
poor measurements, incorrect assignments of uncertainties, or an incorrect choice of
probability function. Very small values of 2 are equally unacceptable and imply
some misunderstanding of the experiment.
However, if 2 >> 1 the integral test of the PDF of 
2, given by:
P
 
2I  D 1
2=2 .=2/
Z 1
2
 
x2
. 2/=2
e x2=2dx2 (4.2)
can be used to determine the acceptance of the predicted values, where  .=2/ is
the Gamma Function. If the PDF of 2, P
 
2I , is reasonably close to 1, then
the assumed distribution describes the spread of the data points well. If the proba-
bility is small, either the assumed distribution is not a good estimate of the parent
distribution or the data sample is not representative of the parent distribution.[15]
In order to minimize 2, a program was used which sequentially varies , k, 'm,
˛, and ˇ by a ı, ık, ı'm, ı˛, and ıˇ, respectively. This code can be found in
Appendix A.1 and works the following way. First, the program starts with an initial
guess for the coefficients using a least squares fit. This initial guess is shown in Figure
4.5 by the red star, with values of  D 4:62, 'm D 2:75, and 2 D 23:125. Next, the
code varied each of the coefficients individually by decreasing and increasing its value
until it minimized 2. A condition was written in the program stating if the value
of coefficient did not change the value of 2 or there was no change in coefficient,
the next loop would add an additional significant figure to that coefficient, helping
to narrow in on the lowest 2. This can be seen in Figure 4.5 by the black squares
becoming tighter as 2 is minimized. Finally, the program stopped looping when
either the coefficient’s significant figures were greater than 10 9 or 2 < 10 9. The
blue triangle represents the best fitting coefficient found using this program with
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values at  D 2:76, 'm D 0:79, and 2 D 1:170, as shown in Figure 4.5. By looking
at the 2 and the PDF of 
2, I was able to determine if the calculated values of the
coefficients were indeed a good fit to the equations studied.
The contour plot of 2 shows that there are several values close to minimal 
2
,
but only one minimum 2. Figure 4.5 shows the contour plot with initial parameters
of a D 36 m, S D 2913 cP and ! D 1 rad=s and coefficients values of  D 2:7˙0:2,
k D 1:2 ˙ 0:2 or 'm D 0:81 ˙ 0:15, and 2 D 1:068. Another way of thinking of
this is to find the bottom of a well, as shown by the three dimensional plot in Figure
4.6. The figure shows there are several values that are all close to finding the local
minimum of 2, but again only one minimum.
The error for the values of the coefficients were calculated by considering the
particle a D 36 m and taking the percentage difference between all seven con-
centrations (0%, 20%, 25%, 30%, 35%, 40%, and 50%) to just the four concentra-
tions (0%, 20%, 30%, and 40%) that were used with the other three particle sizes
(a D 26 m, a D 51 m, and a D 71 m). For example, the coefficients found
using initial parameters a D 36 m, S D 2988 cP and ! D 2 rad=s at all seven
concentrations are  D 2:75919 and 'm D 0:787328 compared to  D 2:50994 and
'm D 0:687182 using just the four concentrations. The percent difference in  is
9.5% and 'm is 13.6% for that specific data set giving the values found in Table 4.2
of  D 2:8 ˙ 0:3 and 'm D 0:79 ˙ 0:11. Different solvent viscosities and angular
velocities had different percentages used to determine the error of the coefficient,
see Table 4.1.
Figure 4.7 shows a plot of relative viscosity as a function of concentration for
those previously mentioned initial parameters. The red line uses coefficients  D 2:8
and 'm D 0:79 from all seven concentrations and the blue line uses coefficients
 D 2:5 and 'm D 0:69 from just the four concentrations. The shaded area is
bounded by the maximum and minimum values of the coefficients  D 2:8˙0:3 and
'm D 0:79˙ 0:11, respectively, indicating the error. This process was repeated for
each solvent viscosity to ensure that the standard error of the coefficients,  , k,
'm , ˛, and ˇ , are within reason given the data collected.
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Figure 4.5: Contour plot of 2, Equation 4.1, with initial parameters of a D 36 m,
S D 2913 cP and ! D 1 rad=s and coefficients values of  D 2:8 ˙ 0:3, 'm D
0:79 ˙ 0:11, and 2 D 1:170 showing the process in which the coefficients are
calculated. The red star,  D 4:62, 'm D 2:75, and 2 D 23:125, is the initial guess
found from a least squares fit. The black box shows the steps the code took for
minimizing 2, taking smaller steps as in nears the minimum value of 
2
. The blue
triangle represents the best fitting coefficient found using this programs with values
at  D 2:8 ˙ 0:3, 'm D 0:79 ˙ 0:11, and 2 D 1:170.
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Figure 4.6: Three dimensional plot of 2, Equation 4.1, with initial parameters of
a D 36 m, S D 2913 cP and ! D 2 rad=s and coefficients values of  D 2:8 ˙0:3,
'm0:79 ˙ 0:11, and 2 D 1:170 showing the bottom of the well.
The value of  as stated by Einstein is for low concentrations. In this case taking
a small ' and performing a Taylor Series Expansion of Mooney’s Equation 2.11 we
can obtain Batchelor’s Equation 2.13
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This allows me to use the value of  found from Mooney’s Equation in Batchelor’s
Equation in order to keep the number of constraints constant at two. The values in
Tables 4.2 and 4.4 have identical values for  and  . The same is true for Krieger-
Dougherty’s Equation 2.12 and Brady’s Equations 2.18, when performing a Taylor
Series Expansion
r D

1   '
'm
 'm
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Figure 4.7: The plot of relative viscosity as a function of concentration using initial
parameters of a D 36 m, S D 2988 cP and ! D 1 rad=s shows the red line using
coefficients  D 2:8 and 'm D 0:79 from all seven concentrations and the blue line
uses coefficients  D 2:5 and k'm D 0:69 from just the four concentrations. The
shaded area is bounded by the maximum and minimum values of the coefficients
 D 2:8˙ 0:3 and 'm D 0:79˙ 0:11, respectively, indicating the error.
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S .cP/ ! .rad=s/ % Difference in  % Difference in k
3017 1 9.5% 13.6%
2988 2 6.4% 12.0%
2965 3 3.4% 11.0%
2924 4 9.7% 18.3%
1265 1 30.4% 27.4%
1250 2 8.2% 14.7%
1233 3 6.5% 13.1%
1211 4 2.9% 9.5%
571 1 14.2% 18.1%
566 2 14.9% 19.5%
560 3 16.0% 20.6%
555 4 16.8% 20.9%
Table 4.1: Table of the percent difference used to calculate the error bars for the
coefficients.
r  1C ' C '
2
2'm
.'m C 1/
r D 1C ' C ˇ
 
'
1   '
'm
!2
Again, this allows me to use the same values of  found from Krieger-Dougherty’s
Equation in Brady’s Equation in order to keep the number of constraints at two.
The values in Tables 4.3 and 4.5 have identical values for  and  .
4.2.2 The Equations
Mooney
The values of  and k, or 'm D 1k , is using the experimental data to model it
to Equation 2.11 are shown in Table 4.2. The fitting parameter  has a range of
1:4 <  < 3:2 and the fitting parameter k has a range of 0:44 < k < 1:97. The fitting
parameter can be rewritten as 1
k
D 'm, which gives a range of 0:51 < 'm < 2:27
(section 2.4.2). The Standard System’s parameters a D 36 m, ! D 1:000 rad=s,
S D 3017 cP, resulted in coefficients of 'm D 0:79 ˙0:11 and  D 2:8 ˙0:3. Using
these values in Equation 2.11 results in the line shown in Figure 4.8.
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Figure 4.8: The system using data points with a radius a D 36 m, an angular
velocity ! D 1:000 rad=s, and solvent viscosity of 3017 cP, the black points are the
standard and the green line is Mooney’s Equation 2.11 using the calculate value of
'm D 0:79 ˙ 0:11 and  D 2:8 ˙ 0:3.
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a .m/ S .cP/ ! .rad=s/   m m 
2
 P
 
2; 

26
3017 1 3.0 0.3 2.04 0.28 0.280 0.869
2988 2 3.1 0.2 2.27 0.27 0.615 0.735
2965 3 3.0 0.1 1.93 0.21 0.726 0.696
2924 4 2.9 0.3 1.86 0.34 0.766 0.682
1265 1 2.3 0.7 1.01 0.28 0.002 0.999
1250 2 2.4 0.2 1.04 0.15 0.025 0.988
1233 3 2.4 0.2 1.05 0.14 0.081 0.960
1211 4 2.5 0.1 1.11 0.11 0.198 0.906
571 1 2.5 0.4 1.08 0.20 0.062 0.969
566 2 2.5 0.4 1.07 0.21 0.083 0.960
560 3 2.4 0.4 1.08 0.22 0.091 0.955
555 4 2.4 0.4 1.08 0.23 0.126 0.939
36
3017 1 2.8 0.3 0.79 0.11 1.170 0.948
2988 2 2.7 0.2 0.81 0.10 1.068 0.957
2965 3 2.6 0.1 0.81 0.09 1.603 0.901
2924 4 2.6 0.3 0.83 0.15 2.192 0.822
1265 1 2.6 0.8 0.81 0.22 2.168 0.826
1250 2 2.6 0.2 0.82 0.12 1.808 0.875
1233 3 2.5 0.2 0.80 0.11 1.743 0.883
1211 4 2.5 0.1 0.82 0.08 1.400 0.924
571 1 2.2 0.3 0.74 0.13 4.119 0.532
566 2 2.2 0.3 0.76 0.15 4.359 0.499
560 3 2.3 0.4 0.77 0.16 4.313 0.505
555 4 2.4 0.4 0.78 0.16 4.188 0.523
51
3017 1 3.1 0.3 0.84 0.11 4.063 0.131
2988 2 3.1 0.2 0.86 0.10 3.188 0.203
2965 3 3.0 0.1 0.86 0.09 2.685 0.261
2924 4 3.0 0.3 0.86 0.16 2.528 0.282
1265 1 2.4 0.7 0.67 0.18 5.007 0.082
1250 2 2.4 0.2 0.69 0.10 5.218 0.074
1233 3 2.4 0.2 0.69 0.09 5.594 0.061
1211 4 2.4 0.1 0.70 0.07 5.002 0.082
571 1 1.7 0.2 0.55 0.10 10.079 0.006
566 2 1.8 0.3 0.57 0.11 9.846 0.007
560 3 2.1 0.3 0.60 0.12 9.143 0.010
555 4 2.5 0.4 0.65 0.14 8.889 0.012
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a .m/ S .cP/ ! .rad=s/   m m 
2
 P
 
2; 

71
3017 1 2.6 0.2 0.74 0.10 0.522 0.770
2988 2 2.7 0.2 0.81 0.10 0.573 0.751
2965 3 2.8 0.1 0.88 0.10 0.354 0.838
2924 4 2.9 0.3 0.93 0.17 0.344 0.842
1265 1 2.0 0.6 0.63 0.17 3.530 0.171
1250 2 2.2 0.2 0.68 0.10 2.868 0.238
1233 3 2.7 0.2 0.81 0.11 2.147 0.342
1211 4 3.2 0.1 1.06 0.10 2.257 0.323
571 1 1.7 0.2 0.55 0.10 0.001 0.999
566 2 1.5 0.2 0.52 0.10 0.298 0.862
560 3 1.4 0.2 0.51 0.10 1.077 0.584
555 4 1.5 0.3 0.52 0.11 1.198 0.549
Table 4.2: Mooney Table. A table using the data to model Equation 2.11 using a
least squares-fit to calculate the values of k and  with an average 2 D 2:492.
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The data in Table 4.2 shows the values of  slowly increasing as the solvent
viscosity and angular velocity are increased. The values of  appear to have no
obvious dependence on particle size. However, the average value of  from Table 4.2
is  D 2:5 with  D 0:4. This is the value that is written in Mooney’s Equation 2.11
and seen in the other three equations. The values of 'm are linearly increasing as
the solvent viscosity is increased. The values of 'm are remaining relativity constant
as the angular velocity is varied. Finally, the values of 'm are very random with no
apparent dependence on particle size. The average value of 'm from Table 4.2 is
'm D 0:90 with 'm D 0:38.
In Section 4.2.1, I interrupted the results of 2 and P
 
2; 

, which are shown
in Table 4.2. This was done in order to determine the goodness of fit of data,
ideally I wanted values for 2  1. The values where 2  1, such as, a D 36 m,
S D 2988 cP, and ! D 2 rad=s are consider to be a great fits regardless of the values
found from P
 
2; 

. For the values where 2 << 1, but with a P
 
2; 

<< 1,
such as, a D 26 m, S D 1250 cP, and ! D 2 rad=s, are considered to be a good
fits. For values where 2 > 1 and P;
 
2; 

< 0, such as, a D 71 m, S D 1250 cP,
and ! D 2 rad=s are considered to be a poor fits to the data. Finally, for values
where 2 >> 1 and P
 
2; 

<< 1, such as, a D 51 m, S D 571 cP, and
! D 1 rad=s are considered to be a bad fits to the data. The interpretation is also
true for the goodness of fit in Tables 4.3, 4.4 and 4.5.
Krieger-Dougherty
The values of Œ, or , and 'm is using the experimental data to model it to Equation
2.12 are shown in Table 4.3. The range of values for the fitting parameters are 1:8 <
Œ < 3:3 and 0:41 < 'm < 1:27. The Standard System’s parameters a D 36 m,
! D 1:000 rad=s, S D 3017 cP, resulted in coefficients of Œ D 3:2 ˙ 0:4 and
' D 0:6 ˙ 0:1. Using these values in Equation 2.12 results in the line shown in
Figure 4.9.
65
Figure 4.9: The system using data points with a radius a D 36 m, an angular
velocity ! D 1:000 rad=s, and solvent viscosity of 3017 cP, the black points are the
standard and the blue line is Krieger-Dougherty’s Equation 2.12 using the calculate
value of Œ D 3:2 ˙ 0:4 and ' D 0:6 ˙ 0:1.
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a .m/ S .cP/ ! .rad=s/ Œ Œ 'm 'm 
2
 P
 
2; 

26
3017 1 3.1 0.4 1.15 0.19 0.287 0.866
2988 2 3.1 0.3 1.27 0.20 0.623 0.732
2965 3 3.0 0.2 1.10 0.17 0.738 0.691
2924 4 2.9 0.3 1.07 0.21 0.780 0.677
1265 1 2.4 0.7 0.63 0.16 0.000 1.000
1250 2 2.5 0.2 0.64 0.11 0.038 0.981
1233 3 2.5 0.2 0.65 0.11 0.103 0.950
1211 4 2.5 0.2 0.68 0.10 0.226 0.893
571 1 2.6 0.4 0.66 0.13 0.080 0.961
566 2 2.6 0.4 0.66 0.14 0.103 0.950
560 3 2.5 0.4 0.67 0.14 0.112 0.946
555 4 2.5 0.4 0.67 0.14 0.150 0.928
36
3017 1 3.2 0.4 0.57 0.10 2.137 0.830
2988 2 3.1 0.3 0.58 0.09 1.781 0.879
2965 3 2.9 0.2 0.58 0.09 2.267 0.811
2924 4 2.9 0.3 0.59 0.12 2.899 0.716
1265 1 3.0 0.8 0.58 0.15 3.170 0.674
1250 2 2.9 0.3 0.58 0.10 2.686 0.748
1233 3 2.9 0.3 0.58 0.10 2.615 0.759
1211 4 2.9 0.2 0.58 0.08 2.084 0.837
571 1 2.6 0.4 0.55 0.11 5.924 0.314
566 2 2.6 0.4 0.56 0.11 6.044 0.302
560 3 2.7 0.4 0.57 0.12 5.904 0.316
555 4 2.7 0.5 0.57 0.12 5.719 0.335
51
3017 1 3.3 0.4 0.56 0.09 4.433 0.109
2988 2 3.3 0.3 0.56 0.09 3.497 0.174
2965 3 3.2 0.2 0.56 0.09 2.969 0.227
2924 4 3.2 0.3 0.57 0.11 2.790 0.248
1265 1 2.7 0.8 0.48 0.12 5.793 0.055
1250 2 2.7 0.3 0.48 0.08 5.947 0.051
1233 3 2.7 0.2 0.49 0.08 6.321 0.042
1211 4 2.7 0.2 0.49 0.07 5.666 0.059
571 1 2.1 0.3 0.43 0.08 11.967 0.003
566 2 2.2 0.3 0.43 0.09 11.616 0.003
560 3 2.5 0.4 0.45 0.09 10.591 0.005
555 4 2.8 0.5 0.47 0.10 9.992 0.007
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a .m/ S .cP/ ! .rad=s/ Œ Œ 'm 'm 
2
 P
 
2; 

71
3017 1 2.8 0.3 0.50 0.09 0.733 0.693
2988 2 3.0 0.3 0.54 0.09 0.728 0.695
2965 3 3.0 0.2 0.57 0.09 0.451 0.798
2924 4 3.0 0.3 0.60 0.12 0.422 0.810
1265 1 2.3 0.6 0.46 0.12 4.270 0.118
1250 2 2.5 0.3 0.48 0.08 3.402 0.182
1233 3 2.9 0.3 0.54 0.09 2.426 0.297
1211 4 3.3 0.2 0.67 0.09 2.382 0.304
571 1 2.1 0.3 0.43 0.08 0.083 0.960
566 2 2.0 0.3 0.42 0.09 0.884 0.643
560 3 1.8 0.3 0.41 0.09 2.141 0.343
555 4 1.9 0.3 0.42 0.09 2.218 0.330
Table 4.3: Krieger-Dougherty Table. A table using the data to model Equation
2.12 using a least squares-fit to calculate the values of Œ and 'm with an average
2 D 8:455.
68
The data in Table 4.3 shows the values of Œ slowly increasing as the solvent
viscosity is increased. The values of Œ are remaining relatively constant as the
angular velocity is increased. The values of Œ appear to have no clear dependence
on particle size. The average value of Œ in Table 4.3 is Œ D 2:7 with Œ D 0:4.
The values of 'm, again, are slowly increasing as the solvent viscosity is increased.
However, the values of 'm are remaining relativity constant as the angular velocity
is varied. Finally, the values of 'm are very random with no apparent dependence
on particle size. The average value of 'm in Table 4.3 is 'm D 0:60 with 'm D 0:18.
The patterns are very similar to what we saw in Mooney’s Table 4.2, but the values
for the coefficients are somewhat different.
Batchelor
The values of , 'm, and ˛ is using the experimental data to model it to Equation
2.13 are shown in Table 4.4. The range of the fitting parameters values is 1:4 <
 < 3:2, 0:9 < ˛ < 4:4, and 0:46 < 'm < 1:14. The Standard System’s parameters
a D 36 m, ! D 1:000 rad=s, S D 3017 cP, resulted in coefficients of  D 2:8 ˙0:3,
˛ D 3 ˙ 1 and 'm D 0:59 ˙ 0:07, using these values in Equation 2.13 results in
the line shown in Figure 4.10. The values in Table 4.4, are displaying the calculated
values for the coefficients , ˛ and 'm for each of the different parameters that was
varied when modeled to Equation 2.13.
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Figure 4.10: The system using data points with a radius a D 36 m, an angular
velocity ! D 1:000 rad=s, and solvent viscosity of 3017 cP, the black points are the
standard and the yellow line is Batchelor’s Equation 2.13 using the calculate value
of  D 1:0 ˙ 0:8, ˛ D 7 ˙ 6 and 'm D 0:6 ˙ 0:1.
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3017 1 3.0 0.3 4.0 1.0 1.05 0.12 0.279 0.870
2988 2 3.1 0.2 4.0 1.0 1.14 0.12 0.609 0.737
2965 3 3.0 0.1 4.0 1.0 1.07 0.12 0.717 0.699
2924 4 2.9 0.3 4.0 2.0 1.08 0.17 0.757 0.685
1265 1 2.3 0.7 2.0 1.0 0.70 0.12 0.002 0.999
1250 2 2.4 0.2 1.9 0.5 0.73 0.08 0.026 0.987
1233 3 2.4 0.2 2.1 0.5 0.74 0.07 0.081 0.960
1211 4 2.5 0.1 2.4 0.3 0.78 0.06 0.196 0.906
571 1 2.5 0.4 2.0 1.0 0.74 0.10 0.063 0.969
566 2 2.5 0.4 2.3 0.9 0.75 0.11 0.083 0.959
560 3 2.4 0.4 2.2 0.9 0.76 0.11 0.091 0.955
555 4 2.4 0.4 2.2 0.8 0.76 0.11 0.125 0.939
36
3017 1 2.8 0.3 3.0 1.0 0.59 0.07 1.445 0.919
2988 2 2.7 0.2 3.1 0.9 0.60 0.06 1.267 0.938
2965 3 2.6 0.1 2.7 0.8 0.61 0.07 1.769 0.880
2924 4 2.6 0.3 3.0 1.0 0.62 0.10 2.369 0.796
1265 1 2.6 0.8 3.0 2.0 0.61 0.10 2.379 0.795
1250 2 2.6 0.2 2.8 0.7 0.62 0.07 1.978 0.852
1233 3 2.5 0.2 2.7 0.6 0.61 0.06 1.907 0.862
1211 4 2.5 0.1 2.7 0.3 0.62 0.05 1.531 0.909
571 1 2.2 0.3 2.2 0.9 0.59 0.08 4.316 0.505
566 2 2.2 0.3 2.3 0.9 0.60 0.09 4.525 0.477
560 3 2.3 0.4 2.4 0.9 0.61 0.09 4.472 0.484
555 4 2.4 0.4 3 1 0.61 0.09 4.361 0.499
51
3017 1 3.1 0.3 4.0 2.0 0.61 0.07 4.061 0.131
2988 2 3.1 0.2 4.0 1.0 0.62 0.06 3.189 0.203
2965 3 3.0 0.1 4.0 1.0 0.62 0.07 2.684 0.261
2924 4 3.0 0.3 4.0 2.0 0.63 0.10 2.524 0.283
1265 1 2.4 0.7 3.0 2.0 0.55 0.09 4.939 0.085
1250 2 2.4 0.2 3.0 0.8 0.56 0.06 5.141 0.076
1233 3 2.4 0.2 3.0 0.6 0.57 0.06 5.507 0.064
1211 4 2.4 0.1 3.0 0.4 0.57 0.04 4.929 0.085
571 1 1.7 0.2 1.9 0.8 0.50 0.07 9.737 0.008
566 2 1.8 0.3 2.1 0.8 0.51 0.07 9.548 0.008
560 3 2.1 0.3 3.0 1.0 0.52 0.07 8.947 0.011
555 4 2.5 0.4 3.0 1.0 0.54 0.08 8.778 0.012
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3017 1 2.6 0.2 3 1 0.57 0.06 0.530 0.767
2988 2 2.7 0.2 3.0 0.9 0.60 0.06 0.580 0.748
2965 3 2.8 0.1 3.1 0.9 0.63 0.07 0.361 0.835
2924 4 2.9 0.3 3 2 0.65 0.10 0.350 0.840
1265 1 2.0 0.6 2 1 0.55 0.09 3.438 0.179
1250 2 2.2 0.2 2.4 0.6 0.57 0.06 2.813 0.245
1233 3 2.7 0.2 3.2 0.7 0.62 0.06 2.127 0.345
1211 4 3.2 0.1 4.4 0.6 0.72 0.06 2.248 0.325
571 1 1.7 0.2 1.0 0.4 0.47 0.07 0.000 1.000
566 2 1.5 0.2 0.9 0.4 0.46 0.07 0.299 0.861
560 3 1.4 0.2 0.9 0.3 0.46 0.07 1.047 0.592
555 4 1.5 0.3 1.0 0.4 0.47 0.07 1.168 0.558
Table 4.4: Batchelor Table. A table using the data to model Equation 2.13 using
a least squares-fit to calculate the values of , ˛, and 'm with an average 
2
 D 2:506.
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The data in Table 4.4 shows the values of  slowly increasing as the solvent
viscosity and angular velocity are increased. The values of  appear to have no
strong dependence on particle size. The average value of  from Batchelor’s Table
4.4 is  D 2:5 with  D 0:4 (remember that a Taylor Series expansion of Mooney’s
Equation 2.11 gave the values for  in Batchelor’s Equation 2.13, Section 4.2.1).
The values of 'm are slowly decreasing as the solvent viscosity is increased. The
values of 'm are remaining relativity constant as the angular velocity is varied. The
values of 'm are very random with no apparent dependence on particle size. The
average value of 'm from the Table 4.4 is 'm D 0:65 with 'm D 0:15. The values
of ˛ are remaining relatively constant as the solvent viscosity and angular velocity
are increased. The values of ˛ are very random with no apparent dependence on
particle size. The average value of ˛ from Table 4.4 is ˛ D 2:7 with ˛ D 0:9.
Brady
The values of , 'm, and ˇ is using the experimental data to model it to Equation
2.18 and are shown in Table 4.5. The values for the fitting parameters are 1:8 <
 < 3:3, 0:48 < 'm < 1:24, and 2:0 < ˇ < 7:4. The Standard System’s parameters
a D 36 m, ! D 1:000 rad=s, S D 3017 cP, resulted in coefficients of  D 3:2 ˙0:4,
'm D 0:61 ˙ 0:04, and ˇ D 5:4 ˙ 0:6, which are used in Equation 2.18 to results in
the line shown in Figure 4.11. The values in Table 4.5, are displaying the calculated
values for the coefficients , ˇ and 'm for each of the different parameters that was
varied when modeled to Equation 2.18.
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Figure 4.11: The system using data points with a radius a D 36 m, an angular
velocity ! D 1:000 rad=s, and solvent viscosity of 3017 cP, the black points are the
standard and the purple line is Brady’s Equation 2.18 using the calculate value of
 D 1:2 ˙ 0:9, 'm D 0:6 ˙ 0:1, and ˇ D 8 ˙ 3.
74
a .m/ S .cP/ !
 
rad
s

  ˇ ˇ m m 
2
 P
 
2; 

26
3017 1 3.1 0.4 6.1 0.6 1.16 0.08 0.275 0.871
2988 2 3.1 0.3 6.3 0.3 1.24 0.08 0.606 0.738
2965 3 3.0 0.2 6.1 0.1 1.17 0.08 0.715 1.171
2924 4 2.9 0.3 5.9 0.7 1.18 0.14 0.755 0.686
1265 1 2.4 0.7 4.0 2.0 0.80 0.11 0.003 0.999
1250 2 2.5 0.2 4.3 0.2 0.82 0.06 0.023 0.988
1233 3 2.5 0.2 4.5 0.1 0.83 0.06 0.078 0.962
1211 4 2.5 0.2 4.7 0.2 0.86 0.04 0.193 0.908
571 1 2.6 0.4 4.8 0.7 0.83 0.09 0.059 0.971
566 2 2.6 0.4 4.7 0.7 0.83 0.10 0.079 0.961
560 3 2.5 0.4 4.6 0.8 0.84 0.10 0.088 0.957
555 4 2.5 0.4 4.6 0.8 0.85 0.10 0.122 0.941
36
3017 1 3.2 0.4 5.4 0.6 0.61 0.04 1.145 0.950
2988 2 3.1 0.3 5.2 0.2 0.62 0.04 1.032 0.960
2965 3 2.9 0.2 4.8 0.1 0.63 0.04 1.541 0.908
2924 4 2.9 0.3 4.9 0.6 0.65 0.07 2.107 0.834
1265 1 3.0 0.8 5.0 2.0 0.64 0.09 2.100 0.835
1250 2 2.9 0.3 4.8 0.3 0.64 0.05 1.748 0.883
1233 3 2.9 0.3 4.7 0.1 0.64 0.04 1.684 0.891
1211 4 2.9 0.2 4.7 0.2 0.64 0.03 1.353 0.929
571 1 2.6 0.4 3.9 0.6 0.61 0.07 3.964 0.555
566 2 2.6 0.4 3.9 0.6 0.62 0.07 4.206 0.520
560 3 2.7 0.4 4.1 0.7 0.63 0.07 4.173 0.525
555 4 2.7 0.5 4.4 0.8 0.63 0.07 4.065 0.540
51
3017 1 3.3 0.4 7.3 0.8 0.65 0.05 3.979 0.137
2988 2 3.3 0.3 7.3 0.3 0.65 0.04 3.117 0.210
2965 3 3.2 0.2 7.1 0.1 0.66 0.04 2.621 0.270
2924 4 3.2 0.3 6.9 0.9 0.67 0.08 2.469 0.291
1265 1 2.7 0.8 5.0 2.0 0.58 0.08 4.869 0.088
1250 2 2.7 0.3 5.2 0.3 0.59 0.04 5.086 0.079
1233 3 2.7 0.2 5.2 0.1 0.59 0.04 5.460 0.065
1211 4 2.7 0.2 5.3 0.2 0.60 0.03 4.880 0.087
571 1 2.1 0.3 3.3 0.5 0.52 0.06 9.744 0.008
566 2 2.2 0.3 3.6 0.6 0.52 0.06 9.528 0.009
560 3 2.5 0.4 4.4 0.7 0.54 0.06 8.873 0.012
555 4 2.8 0.5 5.0 1.0 0.56 0.07 8.664 0.013
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3017 1 2.8 0.3 5.3 0.5 0.61 0.04 0.494 0.781
2988 2 3.0 0.3 5.9 0.3 0.65 0.04 0.547 0.761
2965 3 3.0 0.2 6.0 0.1 0.68 0.04 0.337 0.845
2924 4 3.0 0.3 6.2 0.8 0.71 0.08 0.329 0.848
1265 1 2.3 0.6 4.0 2.0 0.57 0.08 3.439 0.179
1250 2 2.5 0.3 4.5 0.2 0.60 0.05 2.792 0.248
1233 3 2.9 0.3 5.8 0.1 0.66 0.04 2.094 0.351
1211 4 3.3 0.2 7.4 0.3 0.77 0.03 2.219 0.330
571 1 2.1 0.3 2.5 0.4 0.50 0.05 0.001 1.000
566 2 2.0 0.3 2.2 0.3 0.48 0.06 0.301 0.860
560 3 1.8 0.3 2.0 0.3 0.48 0.06 1.070 0.585
555 4 1.9 0.3 2.3 0.4 0.49 0.06 1.176 0.555
Table 4.5: Brady Table. A table using the data to model Equation 2.18 using a
least squares-fit to calculate the values of , ˇ, and 'm with an average 
2
 D 2:421.
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The data in Table 4.5 shows the values of  slowly increasing as the solvent
viscosity is increased. The values of  are remaining relatively constant as the
angular velocity is increased. The values of  appear to have no obvious dependence
on particle size. The average value of  from Table 4.5 is  D 2:7 with  D 0:4
(again, this is exactly what we saw with the Krieger-Dougherty Section because of
the Taylor Series expansion of Krieger-Dougherty’s Equation 2.12 gave the values
for  in Brady’s Equation 2.18, Section 4.2.1). The values of 'm are again remaining
relatively constant as the solvent viscosity is increased. The values of 'm are slightly
increasing as the angular velocity is increased. This is something we did not see
before, even though the increase is quite small. The values of 'm are very random
with no apparent dependence on particle size. The average value of 'm from Table
4.5 is 'm D 0:69 with 'm D 0:18. The values of ˇ are remaining relatively constant
as the solvent viscosity and angular velocity are increased. The values of ˇ are very
random with no apparent dependence on particle size. The average value of ˇ from
Table 4.5 is ˇ D 5 with ˇ D 1.
4.3 Analysis
4.3.1 Fitting Parameter 
In section 4.2.1 it was determined that a Taylor series expansion on Mooney’s Equa-
tion 2.11 allowed us to use its value of  in Batchelor’s Equation 2.13 and a Taylor
series expansion on Krieger-Dougherty’s Equation 2.12 allowed us to use its value
of  in Brady’s Equation 2.18. Thus the following Figures 4.12, 4.14, 4.16 and are
identical for both Mooney and Batchelor and Figures 4.13, 4.15, and 4.17 will be
identical for Krieger-Dougherty and Brady.
Radial Dependence on 
Mooney takes  as a constant to agree with Einstein’s Equation 2.10 for very dilute
suspensions, (section 2.4.1). The parameter values in Table 4.2, is showing a range
of 1:4 <  < 3:2, which is not a constant as Mooney predicted. Mooney states that
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the size of the particle can have an effect on the fitting parameters  and k; however,
he did not have the means to record the sensitive data needed to determine those
experimental results. James V. Robinson used mono-disperse spheres of a D 10 m
to a D 30 m, but in order for the data to fit his equation he had to allow Einstein’s
value of 2:5 to vary from 3 to 5. This supports our hypothesis that  is not a constant
and depends on the some of the parameters we tested, as shown in Figures 4.12,
4.14, and 4.16.
The values from Mooney’s Table 4.2, is showing that  appears to have random
values creating a scattered pattern of increasing and decreasing values at the different
radii for the different solvent viscosities, as seen in Figure 4.12(a). There does appear
to be a trend with a value of   2:5 ˙ 0:5, but it is difficult to say that there
is a linearly dependence. However, we do see now and will see in future plots
the values of  slightly decreasing for decreasing solvent viscosity .S/. In Figure
4.12(a), we see a pattern of decreasing  values for decreasing S. This is seen
by the red stars .S D 3017 cP/ having the highest values of , followed by the
green triangles .S D 1265 cP/ having lower values, and finally followed by the blue
squares .S D 571 cP/ having the lowest values of .
In Figure 4.12(b), we are looking at the  values for different angular velocities
at the different particle sizes with a similar solvent viscosity .2924 < S < 3017 cP/.
We see the values of  appearing to be constant. At particular particle size there
does appear to be some consistency in the values of , but the order of the angular
velocities does change at the different sizes. This is indicating that keeping the
solvent viscosity constant and varying the angular velocity using various particle
sizes has little, to no effect, on the values of . This leads me to believe that  might
be a constant is this case.
The data from Table ?? and Figures 4.12 is showing that   2:5. Indicating
that  could be considered a constant. We especially believe this to be so at different
angular velocities because of the linear dependence at different solvent viscosities.
We have determined that the solvent viscosity directly affects the hydrodynamic
interactions between particles, for example, higher solvent viscosities create a larger
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wake or field of disturbance. A larger wake is more likely interfere with another
particle’s wake in a nearby region, which can change the velocity, as well as, the
value . We have now seen that the angular velocity has little, to no affect on the
hydrodynamic interactions, thus appearing to produce a more constant value for .
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(a)
(b)
Figure 4.12: Plot of  vs a modeling the data to Mooney’s Equation 2.11 and
Batchelor’s Equation 2.13. (a) Different solvent viscosities with an angular velocity
! D 1:000 rad=s, the red stars are for S D 3017 cP, the green triangles are for
S D 1265 cP and the blue squares are for S D 571 cP. (b) Different angular
viscosities, the red stars are for angular velocity ! D 1:000 rad=s and S D 3017 cP,
the green triangles are ! D 2:000 rad=s and S D 2988 cP, the blue squares are
! D 3:000 rad=s and S D 2965 cP, and yellow diamonds are ! D 4:000 rad=s and
S D 2924 cP.
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Krieger and Dougherty derive their equation using parts from Mooney’s model,
Equation 2.11 (Section 2.4.3). This explains why the data for the fitting parameter
Œ in Table 4.3 is almost identical to the data for the fitting parameter  in Table
4.2. Since the data is almost identical, the figures and results are almost identical as
well. The data in Tables 4.3 and 4.5 along with Figure 4.13 shows that   2:5 and
could be a constant especially at different angular velocities and possibly, but less
likely, at different solvent viscosities. The fitting parameter Œ is the exact same
fitting parameter as  and will be referred to as  from here on out.
Krieger and Dougherty considered the interactions of a two particle system and
how the flow of those particles rotating together or independently can affect the
viscosity of the medium. Introducing us to the idea of a doublet they describe
how two particles can rotate together as one, like a dumbbell (Section 2.4.3). The
doublet is a similar concept to Hinch’s idea of a group of particles rotating together
as a single particle of larger radius. Both ideas change the group velocity which
causes the field of disturbance to change thus affecting neighboring particles and
the relative viscosity.
Considering Figure 4.13(a), the  values at the different radii for different S are
scattered around a common   2:75˙0:5. Excluding the data for  at a D 26 m,
the ordering of the solvent viscosities behaves exacting like they did in Figure 4.12(a)
for Mooney. As both figures show there is common pattern with the red stars that
represent S D 3017 cP having the largest values of , followed by the green triangles
that represent S D 1265 cP having the lower values of , and finally followed by
the blue squares that represent S D 571 cP having the lowest values of . Though
it is hard to say that  here is a constant, it does appear to be a trend showing some
consistency.
Figure 4.13(b), has an identical pattern we saw in Figure 4.12(b) with the values
of  appearing to be constant at the different radii for the varying angular velocities
when using a similar solvent viscosities .2924 < S < 3017 cP/. Again we see, the
ordering of the angular velocities to be scattered with no apparent pattern.
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(a)
(b)
Figure 4.13: Plot of  vs a modeling the data to Krieger-Dougherty’s Equation 2.12
and Brady’s Equation 2.18. (a) Different solvent viscosities with an angular velocity
! D 1:000 rad=s, the red stars are for S D 3017 cP, the green triangles are for
S D 1265 cP and the blue squares are for S D 571 cP. (b) Different angular
viscosities, the red stars are for angular velocity ! D 1:000 rad=s and S D 3017 cP,
the green triangles are ! D 2:000 rad=s and S D 2988 cP, the blue squares are
! D 3:000 rad=s and S D 2965 cP, and yellow diamonds are ! D 4:000 rad=s and
S D 2924 cP.
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Solvent Viscosity Dependence on 
The parameter values in Mooney’s Table 4.2, is showing that  is increasing as the
solvent viscosity is increased for both the different radii and angular velocities, as
shown in Figure 4.14. As we discussed in Section 4.3.1, the solvent viscosity directly
affects the hydrodynamic interactions between particles, at higher solvent viscosities
the field of disturbance is larger increasing the values of  regardless of particle size
or angular velocity.
In Figure 4.14(a), we can see for a small range of solvent viscosities the values
of  have a scattered pattern at the various particle sizes, but overall the values of
 are increasing as the solvent viscosity is increasing. This is seen by the ordering
the symbols representing the different particle sizes at the small range of solvent
viscosities. When we take a larger step in solvent viscosity, we again see different
order of symbols representing the particle sizes, but with higher values of .
In Figure 4.14(b), if we look at one particular solvent viscosity we see that
varying the angular velocities has almost no affect on the values of . This affect
is so small that we can say that there is possibly no change. If we see no change
then we can say that  appears to be constant at one particular solvent viscosity.
However, we do see a pattern of increasing  values for increasing solvent viscosities.
This increase appears to have some linearly dependence on  values. as the solvent
viscosities are increased at the various angular velocities.
The solvent viscosity obviously affects the medium in which the particles interact.
At higher solvent viscosities, a particle of radius a will create a large wake or field of
disturbance. The same particle of radius a at lower solvent viscosities will create a
smaller wake or field of disturbance. Again, larger wakes affect the nearby particles
more and particles much farther away which is causing the increase in the  values.
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(a)
(b)
Figure 4.14: Plot of  vs S modeling the data to Mooney’s Equation 2.11 and Batch-
elor’s Equation 2.13. (a) Different radii with an angular velocity ! D 1:000 rad=s,
the red stars are for a D 26 m, the green triangles are for a D 36 m, the blue
squares are for a D 51 m, and the yellow triangles are for a D 71 m. (b) Differ-
ent angular viscosities for the particle size a D 36 m, the red stars are for angular
velocity ! D 1:000 rad=s, the green triangles are ! D 2:000 rad=s, the blue squares
are ! D 3:000 rad=s, and yellow diamonds are ! D 4:000 rad=s.
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The parameter values in Krieger-Dougherty’s Table 4.3 shows that  is increasing
as the solvent viscosity is increased for both the different radii and angular velocities,
as shown in Figure 4.15. We see an identical pattern in Figure 4.14 for similar
reasons, but with slightly different values for . Again, as shown in Figure 4.15(a),
we see for a small range of solvent viscosities the values of  are scattered at the
different particle sizes, but overall the values of  are increasing for increasing solvent
viscosity. In Figure 4.15(b), we see for similar solvent viscosities varying the angular
velocities has little to no effect on the values of . Instead,  appears constant for
the various angular velocities with a linear increase for increasing solvent viscosity.
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(a)
(b)
Figure 4.15: Plot of  vs S modeling the data to Krieger-Dougherty’s Equation
2.12 and Brady’s Equation 2.18. (a) Different radii with an angular velocity ! D
1:000 rad=s, the red stars are for a D 26 m, the green triangles are for a D 36 m,
the blue squares are for a D 51 m, and the yellow triangles are for a D 71 m.
(b) Different angular viscosities for the particle size a D 36 m, the red stars are
for angular velocity ! D 1:000 rad=s, the green triangles are ! D 2:000 rad=s, the
blue squares are ! D 3:000 rad=s, and yellow diamonds are ! D 4:000 rad=s.
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Angular Velocity Dependence on 
The parameter values in Mooney’s Table 4.2, is showing  having little dependence
on the angular velocity with possible constant values for the different radii and
solvent viscosities, as shown in Figure 4.16. As we can see, changing the angular
velocity has little to no effect on the  values, compared to what we saw when
we varied the different radii and solvent viscosities as seen in Figures 4.12(b) and
4.14(a).
In Figure 4.16(a), we see   2:75˙0:5 with the ordering of particle sizes varying
at the different angular velocities. Again, we see this pattern of varying values for
 in Figure 4.12(b).
In Figure 4.16(b), we see   2:5˙ 0:25 with a pattern in the values of  deter-
mined by the values of solvent viscosities. Figure 4.16(b) shows a similar pattern we
see before in Figure 4.12(a), which showed an increased in  values as we increased
the solvent viscosity regardless of particle size or angular velocity. Again, we see
a similar pattern, but this time by the red stars .S D 3017   2924 cP/ having the
highest values of , followed by the green triangles .S D 1265   1211 cP/ having
lower values, and finally followed by the blue squares .S D 571   555 cP/ having
the lowest values of . This reiterates the fact that there is a linearly dependence
on solvent viscosities which we saw in Section 4.3.1.
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(a)
(b)
Figure 4.16: Plot of  vs ! modeling the data to Mooney’s Equation 2.11 and
Batchelor’s Equation 2.13. (a) Different radii with a range of 2924 < S < 3017 cP,
the red stars are for a D 26 m, the green triangles are for a D 36 m, the blue
squares are for a D 51 m, and the yellow triangles are for a D 71 m. (b)
Different solvent viscosities for the particle size a D 36 m, the red stars are for
2924 < S < 3017 cP, the green triangles are for 1211 < S < 1265 cP and the blue
squares are for solvent viscosity of 555 < S < 571 cP.
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The parameter values in Krieger-Dougherty’s Table 4.3, show that  having
no strong dependence on the angular velocity with possible constant values at the
different radii and solvent viscosities, as shown in Figure 4.17. The values and
patterns are identical to what we saw in Figure 4.16, with   2:75 ˙ 0:5 for the
various particle sizes Figure 4.17(a) and   2:5 ˙ 0:25 for the different solvent
viscosities Figure 4.17(b). Again, the pattern of  values are being determined by
the solvent viscosities with higher  values at higher solvent viscosities, as seen in
Figure 4.17(b).
Summary on  Dependence
Studying the coefficient  has given us some valuable information on how the differ-
ent parameters can affect its value. At the different particles sizes, we see the least
understood pattern and least consistent values. This is something that needs to be
explored in future experiments to get a better understanding of exactly how particle
size affects the coefficient of . Considering the different solvent viscosities there
is definitely appears to be some linear dependence with higher solvent viscosities
having higher  values. Finally, there appears to be a linear dependence on the
angular velocity, which can almost be called a constant.
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(a)
(b)
Figure 4.17: Plot of  vs ! modeling the data to Krieger-Dougherty’s Equation 2.12
and Brady’s Equation 2.18. (a) Different radii with a range of 2924 < S < 3017 cP,
the red stars are for a D 26 m, the green triangles are for a D 36 m, the blue
squares are for a D 51 m, and the yellow triangles are for a D 71 m. (b)
Different solvent viscosities for the particle size a D 36 m, the red stars are for
2924 < S < 3017 cP, the green triangles are for 1211 < S < 1265 cP and the blue
squares are for solvent viscosity of 555 < S < 571 cP.
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4.3.2 Fitting Parameter 'm
Radial Dependence of 'm
The fitting parameter 'm is a geometric estimate based on packing density deter-
mining the maximum concentration for a spherical objects, called the self-crowding
factor and is related to 'm D 1k . The values in Mooney’s Table 4.2 are experimental
values with a range of 0:41 < k < 1:97 or 0:51 < 'm < 2:27 compared to the the-
oretical values in Section 2.4.2 of 1:35 < k < 1:91 or 0:52 < 'm < 0:74. The value
of 'm is defined as the point where the viscosity goes to infinity. This suspension
will reach a jamming point, 'j , before reaching 'm. The jamming point is where
the fluid no longer flows, so long as the rheometer is applying a shear force. The
jamming point for a suspension is somewhere between 50% and 60%.[16]
The parameter values in Mooney’s Table 4.2 shows 'm having little dependence
for particles with a radius > 36 m at different solvent viscosities and angular
velocities, seen in Figure 4.18. The values are somewhat constant indicating that
changing the radii, possibly, has effect on the values of 'm. The values for 'm are
well outside of Mooney’s predicted range of 0:52 < 'm < 0:74, but he did a poor job
estimating the range because his approach was using geometric estimate for packing
density to calculate the values of 'm.
We suspect the particle a D 26 m has different results for 'm because its minute
size is closer to colloidal sized particle, a < 21 m. This particle size is affecting
the packing density somehow, but we do not truly understand why.
In Figure 4.18(a), there seems to be a similar pattern we saw with the  where
the higher solvent viscosities produced higher values. Looking back at Figure 4.12(a)
and 4.16(b) we see the red stars that represent S D 3017 cP have the largest values
of 'm, followed by the green triangles that represent S D 1265 cP have the lower
values of 'm, and finally followed by the blue squares that represent S D 571 cP have
the lowest values of 'm. We are again, excluding the a D 26 m from our analysis
because it showing unexplainable results due to it being so close to a colloidal size
particle. Again, the higher the solvent viscosity the larger the field of disturbance is
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created and the harder it becomes to tightly pack the particles, thus increasing 'm.
In Figure 4.18(b), there appears to be a linear dependence on the radii when
varying the angular velocity, if we excluded a D 26 m data. This linear dependence
can almost be considered to be a constant. If we compare this figure to Figure
4.12(b), where we studied , we see some similarities in the way the data points are
clumped tightly together and appearing to have relatively constant values.
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(a)
(b)
Figure 4.18: Plot of 'm vs a modeling the data to Mooney’s Equation 2.11. (a)
Different solvent viscosities with an angular velocity ! D 1:000 rad=s, the red stars
are for S D 3017 cP, the green triangles are for S D 1265 cP and the blue squares
are for S D 571 cP. (b) Different angular viscosities, the red stars are for angular
velocity ! D 1:000 rad=s and S D 3017 cP, the green triangles are ! D 2:000 rad=s
and S D 2988 cP, the blue squares are ! D 3:000 rad=s and S D 2965 cP, and
yellow diamonds are ! D 4:000 rad=s and S D 2924 cP.
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The parameter values in Krieger-Dougherty’s Table 4.3, is showing 'm having
no strong dependence on the radii for different solvent viscosities and angular ve-
locities with radii > 36 m, as seen in Figure 4.19. The values also appear to be
constant telling us that the radii should have no effect on the values of 'm. This
is surprising, again, because I expected the particle size would directly affect 'm
values. Considered the following: smaller particles are more efficient in filling the
voided spaces with more smaller particles for a given finite volume, compared to
larger particles which are much less efficient in filling the voided spaces between
neighboring particles because of their larger size in the same finite volume.
Figure 4.19 has an identical pattern to Figure 4.18, but lower values for 'm
because Kriger and Dougherty used a volume fraction to calculate its value instead of
geometric packing densities, used by Mooney. Figure 4.19(a), shows a similar pattern
we saw before with the  values, where the higher solvent viscosities produced higher
values. Figure 4.19(b), there appears to be a linear dependence on the radii when
varying the angular velocity, again excluding a D 26 m from the data. This linear
dependence can almost be considered to be a constant.
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(a)
(b)
Figure 4.19: Plot of 'm vs a modeling the data to Krieger-Dougherty’s Equation
2.12. (a) Different solvent viscosities with an angular velocity ! D 1:000 rad=s, the
red stars are for S D 3017 cP, the green triangles are for S D 1265 cP and the
blue squares are for S D 571 cP. (b) Different angular viscosities, the red stars
are for angular velocity ! D 1:000 rad=s and S D 3017 cP, the green triangles
are ! D 2:000 rad=s and S D 2988 cP, the blue squares are ! D 3:000 rad=s and
S D 2965 cP, and yellow diamonds are ! D 4:000 rad=s and S D 2924 cP.
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Studying Batchelor’s Equation 2.13, the fitting parameter 'm is the volume frac-
tion where the viscosity becomes infinite. The range of values for the fitting param-
eters is 0:46 < 'm < 1:14. We see that there are values greater than 100%, but 'm
is a theoretical value and experimentally we reached the jamming point, 'j , before
we will reach 'm. The patterns in the figures are similar to Krieger-Dougherty’s.
The parameter values in Batchelor’s Table 4.4 shows 'm appearing to be linearly
dependent on the radii for different solvent viscosities and angular velocities, as
seen in Figure 4.20. I suspect the particle size will directly affect values of 'm, since
smaller particles create smaller wakes thus allowing them to compact themselves
more tightly compared to larger particles which create larger wakes preventing the
particles from compacting as tightly as the smaller ones.
Figure 4.20 has an identical pattern to Figure 4.19, with similar values for 'm
because both Krieger-Dougherty and Batchelor used a volume fraction to calculate
its value. In Figure 4.20(a), we see a similar pattern, where the higher solvent
viscosities produced higher values. In Figure 4.20(b), there definitely is a linear
dependence on the radii when varying the angular velocity, again almost appearing
to be constant.
For Brady’s Equation 2.18 the fitting parameter 'm is, also, a volume fraction
where the viscosity becomes infinite. The range of values for the fitting parameters
is 0:48 < 'm < 1:24. Again, we have values of 'm > 100%, but we know that we
will reaching the jamming point, 'j before we get to values that high.
The parameter values in Brady’s Table 4.5 shows 'm appears to be linearly de-
pendent on the radii at different solvent viscosities and angular velocities for particle
sizes greater than 36 m, as seen in Figure 4.21. The values 'm are decreasing lin-
early as the radii are increasing for both different solvent viscosities and angular
velocities. As I mentioned earlier, I suspect the particle size will directly affect val-
ues of 'm, since smaller particles can compact themselves more tightly compared to
larger particles in the same finite volume.
Figure 4.21 has an identical pattern to Figures 4.19 and 4.20, with similar values
for 'm because Brady used a volume fraction to calculate its value, just like Krieger-
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(a)
(b)
Figure 4.20: Plot of 'm vs a modeling the data to Batchelor’s Equation 2.13. (a)
Different solvent viscosities with an angular velocity ! D 1:000 rad=s, the red stars
are for S D 3017 cP, the green triangles are for S D 1265 cP and the blue squares
are for S D 571 cP. (b) Different angular viscosities, the red stars are for angular
velocity ! D 1:000 rad=s and S D 3017 cP, the green triangles are ! D 2:000 rad=s
and S D 2988 cP, the blue squares are ! D 3:000 rad=s and S D 2965 cP, and
yellow diamonds are ! D 4:000 rad=s and S D 2924 cP.
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Dougherty and Batchelor. In Figure 4.21(a), again, the higher solvent viscosities
produced higher values. In Figure 4.21(b), there is little linear dependence on the
radii when varying the angular velocity, again almost appearing to be constant.
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(a)
(b)
Figure 4.21: Plot of 'm vs a modeling the data to Brady’s Equation 2.18. (a)
Different solvent viscosities with an angular velocity ! D 1:000 rad=s, the red stars
are for S D 3017 cP, the green triangles are for S D 1265 cP and the blue squares
are for S D 571 cP. (b) Different angular viscosities, the red stars are for angular
velocity ! D 1:000 rad=s and S D 3017 cP, the green triangles are ! D 2:000 rad=s
and S D 2988 cP, the blue squares are ! D 3:000 rad=s and S D 2965 cP, and
yellow diamonds are ! D 4:000 rad=s and S D 2924 cP.
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Solvent Viscosity Dependence of 'm
The parameter values in Mooney’s Table 4.2, is showing 'm appearing to be linearly
dependent on the solvent viscosity for the different radii and angular velocities for
particles with a radius greater than 36 m, as seen in Figure 4.22. The values of 'm
appearing to be increasing slightly for increasing solvent viscosities for the various
radii as seen in Figure 4.22(a). This is expected because the higher solvent viscosities
create a larger hydrodynamic interaction. These interactions will determine how
well the particles can compact, such as, at higher viscosities the interactions are
greater not allowing larger particles to compact as tightly together as at lower solvent
viscosity, thus varying 'm. In Figure 4.22(b), the fitting parameter 'm appears to
be constant for increasing solvent viscosities. As the angular velocity is varied the
value of 'm is not changing.
The parameter values in Krieger-Dougherty’s Table 4.3, shows 'm appearing to
be linearly dependent on the solvent viscosity for the different radii and angular
velocities, as seen in Figure 4.23. The values of 'm are slightly increasing for the
various radii, especially for the larger particles, as seen in Figure 4.23(a). A pattern
emerges, which is seen in all four models, where the smallest particle size has the
largest value for 'm and the largest particle size has the lowest value for 'm. In
Figure 4.23(b), the fitting parameter, 'm, appears to be constant for the increasing
solvent viscosities. This is expected since the solvent viscosity is not changing, thus
the field disturbance is remaining constant and keeping the values of 'm constant.
The parameter values in Batchelor’s Table 4.4 shows 'm appearing to be linearly
dependent on the solvent viscosity for the different radii and angular velocities, as
seen in Figure 4.24. Again, the values of 'm are slightly increasing for the various
radii, as seen in Figure 4.24(a). This slight increase and ordering of the particle sizes,
indicating that as the particles become larger the values of 'm become smaller, is seen
in Figures 4.22(a) and 4.23(a), as well. In Figure 4.24(b), the fitting parameter, 'm,
is appearing to be constant for the increasing solvent viscosities, as seen previously.
The parameter values in Brady’s Table 4.5 shows 'm appearing to be linearly
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(a)
(b)
Figure 4.22: Plot of 'm vs S modeling the data to Mooney’s Equation 2.11. (a)
Different radii with an angular velocity ! D 1:000 rad=s, the red stars are for
a D 26 m, the green triangles are for a D 36 m, the blue squares are for
a D 51 m, and the yellow triangles are for a D 71 m. (b) Different angular
viscosities for the particle size a D 36 m, the red stars are for angular velocity
! D 1:000 rad=s, the green triangles are ! D 2:000 rad=s, the blue squares are
! D 3:000 rad=s, and yellow diamonds are ! D 4:000 rad=s.
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(a)
(b)
Figure 4.23: Plot of 'm vs S modeling the data to Krieger-Dougherty’s model,
Equation 2.12. (a) Different radii with an angular velocity ! D 1:000 rad=s, the
red stars are for a D 26 m, the green triangles are for a D 36 m, the blue squares
are for a D 51 m, and the yellow triangles are for a D 71 m. (b) Different
angular viscosities for the particle size a D 36 m, the red stars are for angular
velocity ! D 1:000 rad=s, the green triangles are ! D 2:000 rad=s, the blue squares
are ! D 3:000 rad=s, and yellow diamonds are ! D 4:000 rad=s.
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(a)
(b)
Figure 4.24: Plot of 'm vs S modeling the data to Batchelor’s Equation 2.13.
(a) Different radii with an angular velocity ! D 1:000 rad=s, the red stars are
for a D 26 m, the green triangles are for a D 36 m, the blue squares are for
a D 51 m, and the yellow triangles are for a D 71 m. (b) Different angular
viscosities for the particle size a D 36 m, the red stars are for angular velocity
! D 1:000 rad=s, the green triangles are ! D 2:000 rad=s, the blue squares are
! D 3:000 rad=s, and yellow diamonds are ! D 4:000 rad=s.
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dependent on the solvent viscosity for the different radii and angular velocities, as
seen in Figure 4.25. The values of 'm are increasing slightly for the various radii,
as seen in Figure 4.25(a). In Figure 4.25(b), the fitting parameter 'm appears to be
constant for increasing solvent viscosities.
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(a)
(b)
Figure 4.25: Plot of 'm vs S modeling the data to Brady’s Equation 2.18. (a)
Different radii with an angular velocity ! D 1:000 rad=s, the red stars are for
a D 26 m, the green triangles are for a D 36 m, the blue squares are for
a D 51 m, and the yellow triangles are for a D 71 m. (b) Different angular
viscosities for the particle size a D 36 m, the red stars are for angular velocity
! D 1:000 rad=s, the green triangles are ! D 2:000 rad=s, the blue squares are
! D 3:000 rad=s, and yellow diamonds are ! D 4:000 rad=s.
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Angular Velocity Dependence of 'm
The parameter values in Mooney’s Table 4.2, shows 'm having no little dependence
on the angular velocity for the different radii and solvent viscosities, as seen in
Figure 4.26. Looking at Figure 4.26(a), the values of 'm appear to be constant,
excluding a D 26 m because of its size being so close to a colloidal size and giving
bizarre results. Again, we see, varying the angular velocity as little to no effect
on the values of 'm. The reason for this is the solvent viscosity plays the more
vital role in determining the values of 'm, which is seen in Section 4.3.2 and Figure
4.22(b). Looking at Figure 4.26(b), the values of 'm are slightly decreasing as the
solvent viscosity decreases, where the red stars represent S D 3017   2924 cP
having the highest values of 'm, followed by the green triangles that represent S D
1265   1211 cP having the lower values, and finally followed by the blue squares
that represent S D 571  555 cP having the lowest values of 'm. A similar pattern
is seen in Figure 4.12(a), but with  values instead of 'm values.
The parameter values in Krieger-Dougherty’s Table 4.3, is showing 'm appearing
to be linearly dependent on the angular velocity for the different radii and solvent
viscosities, as seen in Figure 4.27. The values of 'm are remaining relativity constant,
excluding a D 26 m, as seen in Figure 4.27(a). Looking at Figure 4.27(b), the
values of 'm are slightly decreasing as the solvent viscosity decreases.
The parameter values in Batchelor’s Table 4.4 shows 'm, again, to be appearing
linear dependent on the angular velocity for the different radii and solvent viscosities,
as seen in Figure 4.28. The values of 'm are remaining relativity constant, excluding
a D 26 m, as seen in Figure 4.28(a). Looking at Figure 4.28(b), the values of 'm,
again, are slightly decreasing as the solvent viscosity decreases.
The parameter values in Brady’s Table 4.5 shows 'm to be appearing linearly
dependent on the angular velocity for the different radii and solvent viscosities, as
seen in Figure 4.29. The values of 'm are remaining relativity constant, excluding
a D 26 m, as seen in Figure 4.29(a). Looking at Figure 4.29(b), the values of 'm
are slightly decreasing as the solvent viscosity decreases.
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(a)
(b)
Figure 4.26: Plot of 'm vs ! modeling the data to Mooney’s Equation 2.11. (a)
Different radii with a range of 2924 < S < 3017 cP, the red stars are for a D 26 m,
the green triangles are for a D 36 m, the blue squares are for a D 51 m, and
the yellow triangles are for a D 71 m. (b) Different solvent viscosities for the
particle size a D 36 m, the red stars are for 2924 < S < 3017 cP, the green
triangles are for 1211 < S < 1265 cP and the blue squares are for solvent viscosity
of 555 < S < 571 cP.
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(a)
(b)
Figure 4.27: Plot of 'm vs ! modeling the data to Krieger-Dougherty’s Equation
2.12. (a) Different radii with a range of 2924 < S < 3017 cP, the red stars
are for a D 26 m, the green triangles are for a D 36 m, the blue squares are
for a D 51 m, and the yellow triangles are for a D 71 m. (b) Different solvent
viscosities for the particle size a D 36 m, the red stars are for 2924 < S < 3017 cP,
the green triangles are for 1211 < S < 1265 cP and the blue squares are for solvent
viscosity of 555 < S < 571 cP.
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(a)
(b)
Figure 4.28: Plot of 'm vs ! modeling the data to Batchelor’s Equation 2.13. (a)
Different radii with a range of 2924 < S < 3017 cP, the red stars are for a D 26 m,
the green triangles are for a D 36 m, the blue squares are for a D 51 m, and
the yellow triangles are for a D 71 m. (b) Different solvent viscosities for the
particle size a D 36 m, the red stars are for 2924 < S < 3017 cP, the green
triangles are for 1211 < S < 1265 cP and the blue squares are for solvent viscosity
of 555 < S < 571 cP.
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(a)
(b)
Figure 4.29: Plot of 'm vs ! modeling the data to Brady’s Equation 2.18. (a)
Different radii with a range of 2924 < S < 3017 cP, the red stars are for a D 26 m,
the green triangles are for a D 36 m, the blue squares are for a D 51 m, and
the yellow triangles are for a D 71 m. (b) Different solvent viscosities for the
particle size a D 36 m, the red stars are for 2924 < S < 3017 cP, the green
triangles are for 1211 < S < 1265 cP and the blue squares are for solvent viscosity
of 555 < S < 571 cP.
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Summary on 'm Dependence
The literature of Krieger Dougherty, Batchelor, and Brady all refer to 'm as the max-
imum allowable concentration for a suspension and is the volume fraction where the
viscosity becomes infinite. This value is no longer a prediction based on the pack-
ing densities of spherical objects as Mooney believed, but a theoretical calculation.
However, the range of values for the fitting parameters is 0:41 < 'm < 1:27. As
we can see it is a wide range with some values greater than 100%. This makes no
physical sense because a solid object is 100% of any given material. In order to make
physical sense we are going to define the jamming point, 'j , as the point where the
fluid will no longer flows and somewhere around 'j  55%.[16]
Overall the fitting parameter behaves similar in all four models, the only major
difference seen is the actual values of 'm. This pattern of similarity is indicating
that all four models are modeling the same information for 'm giving us a good
understanding what is happening. There does appear to be a strange result for
a D 26 m in all four models, again, probability because of its small particle size.
A major effect that is seen is the values of 'm is the slight decrease in values as the
solvent viscosity decreases, indicating that there is some sort of linearly dependence.
When studying the effects of 'm on particle size and angular velocity, we again see
somewhat of a pattern having little dependence that appears to have a constant
value.
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4.3.3 Fitting Parameter ˛
The fitting parameter ˛ is an estimate from numerical calculations for a suspen-
sion of identical rigid spherical particles using the probability density, p

*
r ; t

,
determined by three-sphere interactions, Brownian motion, and assumption of some
particular initial state.
The parameter values in Batchelor’s Table 4.4 shows ˛ varying slightly as the
particle size is increased for both the different solvent viscosities and angular veloc-
ities. However, in Figure 4.30(a), the pattern of higher solvent viscosities having
higher ˛ values has been seen in previous figures (Figures 4.12(a) and 4.13(a)). The
order has the highest solvent viscosities having the largest ˛ values and the lowest
solvent viscosities having the smallest ˛ values. In Figure 4.30(b), we see varying
the angular velocity has little effect on the values of ˛ at the individual particle
sizes, only the particle sizes affecting the values of ˛. Comparing Figures 4.12 to
4.30, we see the patterns are almost identical, but with different values for  and ˛.
The parameter ˛ is an estimate based on numerical calculations as stated by
Batchelor[9], for a particular particle size. The size of the particle directly affects
the hydrodynamic interactions between particles, for example larger particles create
a larger wake or field of disturbance. A larger wake is more likely to overlap another
particle’s wake in a nearby region, which can change the velocity, as well as ˛.
We see ˛ appearing to be linearly dependent on the solvent viscosity for different
radii, as shown in Figure 4.31(a). The different radii have increasing ˛ values for
increasing solvent viscosities. However, ˛ is also appearing to be independent of the
solvent viscosity for increasing angular velocities, as shown in Figure 4.31(b). This is
indicating that ˛ might be a constant, with the size of the particle determining the
value of ˛. Again, comparing Figures 4.14 to 4.31, we see the patterns are almost
identical, but with different values for  and ˛.
The reason for the similar patterns is the solvent viscosity affects the medium
in which the particles interact. At higher solvent viscosities, a particle of radius
a will create a large wake or field; whereas, the same particle of radius a at lower
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solvent viscosities will create a smaller wake. Again, the large wake affects the
nearby particles which is increasing the value of ˛.
Finally we see ˛ appearing to be linearly dependent on the angular velocity with
constant values for the different radii and solvent viscosities, as shown in Figure 4.32.
The angular velocities are not changing the values of ˛. Instead, the values of ˛
are being determined by the particle’s size, as seen in Figure 4.32(a). The different
solvent viscosities are not affected by the different angular velocities, but the different
solvent viscosities are changing the values of ˛, as seen in Figure 4.32(b). Again,
comparing Figures 4.16 to 4.32, we see the patterns are almost identical, but with
different values for  and ˛.
Summary on ˛ Dependence
Overall, ˛ appears to looking very similar to  with a relationship  / ˛. The exact
relationship is not understood, but there appears to be some sort of affiliation.
As we saw with , the pattern see for the different radii is very inconsistent and
difficult to explain. However, at different solvent viscosities there is definitely a
linear dependence with higher solvent viscosities having higher ˛ values. We see a
linear dependence on the angular velocity, again, we can almost call it a constant.
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(a)
(b)
Figure 4.30: Plot of ˛ vs a modeling the data to Batchelor’s Equation 2.13. (a)
Different solvent viscosities with an angular velocity ! D 1:000 rad=s, the red stars
are for S D 3017 cP, the green triangles are for S D 1265 cP and the blue squares
are for S D 571 cP. (b) Different angular viscosities, the red stars are for angular
velocity ! D 1:000 rad=s and S D 3017 cP, the green triangles are ! D 2:000 rad=s
and S D 2988 cP, the blue squares are ! D 3:000 rad=s and S D 2965 cP, and
yellow diamonds are ! D 4:000 rad=s and S D 2924 cP.
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(a)
(b)
Figure 4.31: Plot of ˛ vs S modeling the data to Batchelor’s Equation 2.13. (a)
Different radii with an angular velocity ! D 1:000 rad=s, the red stars are for
a D 26 m, the green triangles are for a D 36 m, the blue squares are for
a D 51 m, and the yellow triangles are for a D 71 m. (b) Different angular
viscosities for the particle size a D 36 m, the red stars are for angular velocity
! D 1:000 rad=s, the green triangles are ! D 2:000 rad=s, the blue squares are
! D 3:000 rad=s, and yellow diamonds are ! D 4:000 rad=s.
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(a)
(b)
Figure 4.32: Plot of ˛ vs ! modeling the data to Batchelor’s Equation 2.13. (a)
Different radii with a range of 2924 < S < 3017 cP, the red stars are for a D 26 m,
the green triangles are for a D 36 m, the blue squares are for a D 51 m, and
the yellow triangles are for a D 71 m. (b) Different solvent viscosities for the
particle size a D 36 m, the red stars are for 2924 < S < 3017 cP, the green
triangles are for 1211 < S < 1265 cP and the blue squares are for solvent viscosity
of 555 < S < 571 cP.
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4.3.4 Fitting Parameter ˇ
The fitting parameter ˇ is a combination of the short-time self-diffusivity equation
and the equilibrium radial-distribution function for the Brownian stresses. The pa-
rameter values in Brady’s Table 4.5 is showing ˇ appearing to be linearly dependent
on the radius. As the solvent viscosity and angular velocity are varied, we see a ran-
dom increase and decrease in ˇ for increasing radii, as shown in Figure 4.33. We see
ˇ reaching a maximum value at a D 51 m, it also changes directions to a linear
decrease in ˇ for increasing radii. Comparing Figures 4.12 to 4.33, the figures are
almost identical with similar patterns and with similar values.
The parameter ˇ has a direct correlation to the particle size because it is the
coefficient determined by the equilibrium radial-distribution function at contact,
g.2/, divided by the short-time self-diffusivity, DS0 .'/. The size of the particle
directly affects the hydrodynamic interactions between particles, for example larger
particles create a larger wake or field of disturbance. A larger wake is more likely to
overlap another particle’s wake in a nearby region, which can change the velocity,
as well as ˇ.
We see that ˇ has various values at the different radii for both different solvent
viscosities and angular velocities. Again in Figure 4.33(a), we see at higher solvent
viscosities the values of ˇ are at their maximum and at lower solvent viscosities the
values of ˇ are at their minimum, which we saw with , 'm, and ˛. We previous
saw with the other fitting parameters, the angular velocity having little effect on ˇ,
which is seen in Figure 4.33(b) as well.
In Figure 4.34(a), we see for increasing ˇ values a increase in solvent viscosities,
indicating the ˇ might be linearly dependent on solvent viscosity. As well as, ˇ
appearing to be linearly dependent of the solvent viscosity for increasing angular
velocities, as shown in Figure 4.34(b). Not only is ˇ appearing to be linearly de-
pendent of the solvent viscosity for increasing angular velocities, it appears to be a
constant, with the solvent viscosity determining the value of ˇ. Again, comparing
Figures 4.14 to 4.34, the figures are almost identical with similar patterns and with
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similar values.
The solvent viscosity affects the medium in which the particles interact. At
higher solvent viscosities a particle of radius a will create a large wake or field.
Compared to the same particle of radius a at lower solvent viscosities will create a
smaller wake. Again, the large wake affects the nearby particles which is increasing
the value of ˇ.
Finally, we see that ˇ appearing to be linear dependent on the angular velocity
with constant values for the different radii and solvent viscosities, as shown in Fig-
ure 4.35. For increasing angular velocities, the values of ˇ are remaining constant
for the different particle sizes, as seen in Figure 4.35(a). The values of ˇ are being
determined by the particles size as previously seen. For increasing angular velocities
the values of ˇ are remaining constant for different solvent viscosities, as seen in
Figure 4.35(b). The values of ˇ are being determined by the solvent viscosities, as
previously seen. Comparing Figures 4.16 to 4.35, the figures are almost identical
with similar patterns and with similar values.
Summary on ˇ Dependence
Overall, ˇ appears to have a similar pattern previous seen with , but with larger
values with possible relationship of   pˇ. The exact relationship is not under-
stood, but there appears to be some sort of affiliation. As we saw with  and ˛, the
pattern seen with the ˇ values for the different radii is very inconsistent and diffi-
cult to explain. However, at different solvent viscosities there is definitely a linear
dependence with higher solvent viscosities having higher ˛ values. Finally, we see a
linear dependence on the angular velocity, again, we can almost call it a constant.
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(a)
(b)
Figure 4.33: Plot of ˇ vs amodeling the data to Brady’s Equation 2.18. (a)Different
solvent viscosities with an angular velocity ! D 1:000 rad=s, the red stars are for
S D 3017 cP, the green triangles are for S D 1265 cP and the blue squares are for
S D 571 cP. (b) Different angular viscosities, the red stars are for angular velocity
! D 1:000 rad=s and S D 3017 cP, the green triangles are ! D 2:000 rad=s and
S D 2988 cP, the blue squares are ! D 3:000 rad=s and S D 2965 cP, and yellow
diamonds are ! D 4:000 rad=s and S D 2924 cP.
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(a)
(b)
Figure 4.34: Plot of ˇ vs S modeling the data to Brady’s Equation 2.18. (a)
Different radii with an angular velocity ! D 1:000 rad=s, the red stars are for
a D 26 m, the green triangles are for a D 36 m, the blue squares are for
a D 51 m, and the yellow triangles are for a D 71 m. (b) Different angular
viscosities for the particle size a D 36 m, the red stars are for angular velocity
! D 1:000 rad=s, the green triangles are ! D 2:000 rad=s, the blue squares are
! D 3:000 rad=s, and yellow diamonds are ! D 4:000 rad=s.
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(a)
(b)
Figure 4.35: Plot of ˇ vs ! modeling the data to Brady’s Equation 2.18. (a)
Different radii with a range of 2924 < S < 3017 cP, the red stars are for a D 26 m,
the green triangles are for a D 36 m, the blue squares are for a D 51 m, and
the yellow triangles are for a D 71 m. (b) Different solvent viscosities for the
particle size a D 36 m, the red stars are for 2924 < S < 3017 cP, the green
triangles are for 1211 < S < 1265 cP and the blue squares are for solvent viscosity
of 555 < S < 571 cP.
121
CHAPTER 5
Conclusions
5.1 Results
In this experiment, we explored the dependence of , Œ, ˛, ˇ, 'm on solvent vis-
cosity, angular velocity, particles size, and concentration of particles. We explored
several theoretical and semi-theoretical equations showing the relative viscosity as
a function of concentration. We examine the various fitting parameters from those
equations to see how well to model to the experimental data, showing some surpris-
ing results.
In order to obtain are results we used an advanced combined motor and trans-
ducer AR 1500ex Rheometer to create constant shearing force applying it to a sus-
pension using different solvent viscosities, angular velocities, particles sizes to see
what effects it has on the relative viscosity. We used solvent viscosities ranging from
555  3017 cp. We used angular velocities of 1 rad=s, 2 rad=s, 3 rad=s, and 4 rad=s.
We used particles with radii of 26 m, 36 m, 51 m, and 71 m. Finally, we used
particle concentrations of 20  50%. Using all of these parameters we compiled our
data to studied the results.
We saw that there was an angular velocity dependence showing that Arrhenius
Equation 2.3 is flawed. It only takes into account temperature and not angular
velocity, where we clearly saw the solvent viscosity is heavy depended on angular
velocity. Also, we saw that as the solvent viscosity was increased the relative vis-
cosity was increased, as well. The angular velocity was appear to be independent
on the relative viscosity, whereas increasing the angular velocity caused little to no
effect on the relative viscosity. Finally, we saw a strong dependence on the relative
viscosity as the particle size was varied.
The value of 2:5 taken from Einstein’s model, Equation 2.10, based on the spher-
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ical shape of the particle, has always been taken as a constant. The values found in
this study range from 1:4 <  < 3:3 . We found  to be dependent on particle size
and independent of angular velocity and solvent viscosity. We did see smaller ranges
for both Batchelor’s model, Equation 2.13 and Brady’s model, Equation 2.18. A
possible relationship is found between  D ˛ Dpˇ.
I suspected the particle size, angular velocity, and solvent viscosity would effect
'm and was surprised when the data showed differently. Especially particle size,
base on the fact that gap distance puts a limitation and a finite number of particles
that can be placed in-between the gap. For example, a gap size to radius ratio
equaling a whole number, 6100 m
50 m
D 122 would pack better than a ratio equaling a
fraction, 6100 m
51 m
D 119:6. The difference between the ratio of those two particles
is small, 0:4, but adding multiple layers will quickly add up resulting in more fluid
and less particles for the suspension changing the relative viscosity.
We also define the jamming point, which is where the system would cease to act
like a fluid and is much less than 'm. The values of 'm are theoretical values locating
the vertical asymptotes, several occurred at concentration greater than 100%. The
range of 0:41 < 'm < 2:27 became smaller as more free fitting parameters were
added to the models. The values of 'm are linearly independent of particle size and
independent of solvent viscosity and angular velocity.
Determining which equation modeled best to the data is not a particular easy
task; as a matter of fact, it is quite difficult and almost subjective. By calculat-
ing and comparing the average 2 for the different models in Mooney’s Table 4.2 
2 D 2:492

, Krieger-Dougherty’s Table 4.3
 
2 D 3:087

, Batchelor’s Table 4.4 
2 D 2:506

, and Brady’s Table 4.5
 
2 D 2:421

we see that the values are prac-
tically identical. If I had to pick an equation which models the data best, I would
start by eliminating Krieger-Dougherty’s Equation 2.12 based on solely the 2 value.
Next, I would eliminate Mooney’s Equation 2.11 based on the average 'm D 0:90
being to high, which reiterates the importance of the new term I define 'j  0:52
(Section 4.1), because its value is much higher than the jamming point. For the
same reason, I eliminate Brady’s Equation 2.18 based on the 'm D 0:69 and it
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being much more complicated then Batchelor’s Equation 2.13.
5.2 Future Work
Studying how the relative viscosity depends on particle sizes is a future step that
needs to take place in order to full understand what is going on with the relative
viscosity. Using more particle sizes would better define the pattern seen in the
Figures 4.12-4.21, and whether we are truly seeing a trigonometric or Gaussian
curve. We also need to look to see if there is any the relationship between the
coefficients and gap size. The ability to control the relative viscosity for a particular
size particle by varying the gap size has an enormous impact on the designing of
systems where shape and size become a major issue.
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APPENDIX A
Code used to minimize 2
Figure A.1: Code used to minimize 2
125
REFERENCES
[1] Andreas Alexandrou. Principles of Fluid Mechanics. Prentice-Hall, Inc., Upper
Saddle River, New Jersey 07458, 2001.
[2] Raymond A. Serway. Physics For Scientists & Engineers with Modern Physics,
Fourth Edition. Saunders College Publishing, Orlando, Florida 32887-6777,
1996.
[3] James Stewart. Calculus Fourth Edition. Brooks/Cole Publishing Company,
Pacific Grove, CA 93950, 1999.
[4] Edward G. Hauptmann Rolf H. Sabersky, Allan J. Acosta and E. M. Gates.
Fluid Flow a First Course in Fluid Mechanics. Forth edition edition.
[5] E. J. Hinch. Fluid Flow. Prentice Hall, 1999.
[6] Albert Einstein. A new determination of molecular dimensions. Annalen der
Physik (ser. 4), 19:289–306, 1906.
[7] M. Mooney. The viscosity of a concentrated suspension of spherical particles.
Journal of Colloid Science, 6:162–170, 1951.
[8] Irvin M. Krieger and Thomas J. Dougherty. A mechanism for non-newtonian
flow in suspensions of rigid spheres. Transactions of The Society of Rheology,
3:137–152, 1959.
[9] G. K. Batchelor and J. T. Green. The determination of the bulk stress in a sus-
pension of spherical particles to order c2. Journal Fluid Mechanics, 56(3):401–
427, 1972.
[10] John F. Brady. The rheological behavior of concentrated colloidal dispersions.
The Journal of Chemical Physics, 99:567–581, 1993.
126
[11] TA Instruments, New Castle, DE 19720. AR 1500ex Rheometer Operator’s
Manual, 2007.
[12] Viscosity of Aqueous Glycerine Solutions. Midland, Michigan, 2009.
http://www.dow.com/glycerine/resources/table18.htm.
[13] Mario F. Triola. Elementary statistics. Addison Wesley, San Francisco, CA
94111, seventh edition edition, 1998.
[14] John Mandel. The Statistical Analysis of Experimental Data. Free Dover Math-
ematics and Science Catalog, Mineola, NY 11501, 1964.
[15] Philip R. Bevington and D. Keith Robinson. Data Reduction and Error Analysis
for the Physical Sciences. McGraw-Hill, New York, NY 10020, third edition
edition, 2002.
[16] Brent Allen May Jarvis. Particle concentration dependence of viscosity. DePaul
Journal, 2009.
